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Harvard University Mathematics Department

The Qualifying Exam In Mathematics

The purpose of the Quarrfytno Exam

One of the requirements for a doctorate in Mathematics a! Harvard is a familiarity with a
reasonably broad sweep of the science of the mathematics. The solo use of the Qualifying Examination is
to measure the breadth of a student's mathematical knowledge.
The mechanics of the Qualrryino Exam

The exam is given twice a year, usually in late September and in early February, tt consists of
three 3-hour exams held on consecutive afternoons, containing a total of 18 problems. A score of
approximately 100 out of 180 is usually a passing grade, but conditional passes" are given when thebreak-down of the score indicates that the student s primarily weak in one area. In that case, he or she
must pass an oral exam in their weak subject within the next 6 months with a specified professor.

A student may take the exam any number of times, starting from the September exam of the
student's first semester. A student is not penalized in any way for tailing the exam once or several times,
but. students are encouraged to pass the exam by the end of the second year in residence, in order to
devote time to honest mathematical research.
Preparing for the Quarrfyino Exam

The Department offers a basic sequence of mathematics courses for the first four semesters in
residence; and the successful completion of this sequence plus minimal memory skills should amply
prepare the student for the Qualifying Exam. The basic courses are

Math 212a£ (real analysis)
Math 213a£ complex analysis)
Math230a£
Math250a£
Math280a£

differential geometry)
algebra)
algebrae geometry)

Math272aub (topology)
These courses cover substantially more mathematics than the Qualifying Exam requires: a student who
passes the exam upon entrance will also find these courses interesting.

Many students in the past have studied indhridualfy. or in email groups for the Qualifying Exam.
This is encouraged and, as a guide to the exam, copies of ok) exams are made available in the
Department office. It is recommended that a student work through several of these carefully to prepare for
the exam.

Now a word of warning; Do not lot studying for the Qualifying Exam Interfere with the time spent
in the basic courses, in the tong run, you will learn far more mathematics from the basic courses than
from studying for the Qualifying Exam tt is for this reason that the Qualifying Exams are held at the start
of the semester, if cramming s your compulsion, you can satisfy It in the summer, or in January's reading
period.

For most people, graduate school is not easy - ft is a time of trauma and self-doubt So. fi is
important to maintain the proper perspective. By the end of your incarnation as a graduate student, you
will have learned a tremendous amount of mathematics. This knowledge wffl serve you throughout your
Gfe. By comparison, the Qualifying Exam is a cheek mark in your file; as such, fi is meaningless to you
as soon as you pass it



Syllabus

What follows is a rough outline of the topics on which questions might be asked, including
recommended books and courses:

A . A lgEpqA

Thorough understanding of linear algebra, elementary theory of finite groups and their
representations, rings and fields, and Gates theory. Reasonable tamSianty with comrnutatve
algebra (ideal theory in Noetherian and DedekM rings, notion of integral dependence and integral
closure, modules) and its applications to polynomial rings and rings of algebraic integers.

Math 122.123.250aJ> cover aB this.

References: Jscobson. Baste AJoefare I. 0
jrDOai&ni

r

Van der Waerden. £555. i. 0
Zariskt-SamuoL Commutative Ataebra, I
Ativah-MacDonald. CommutatfyTgSSbni
Lang.AJfleba

B. ALGEBRAIC TOPOLOGY.

Knowledge of the classification of surfaces, covering spaces and fundamental group, of homology
and cohomofogy groups and elementary aspects of homotopy theory. This includes abOty to
calculate homology and homotopy groups, degree of a map. ate in simple situations and
familiarity with basic topological spaces, eg. mal and complex projective apace. Lie groups.

Math 131,272a cover this material

References: Greenbe

Massev. Algebraic Toootoov. An rrrtroduction

C. DIFFERENTIAL GEOMETRY.

Manifolds and the calculus of forms and vector fields on them The classical theory of curves and
surfaces in R* (Frenet theory. Gaussian curvature, geodesies, the Gauss-Bonnet theorem).
Introductory theory of Riomannian manifolds. Computational techniques are eseentiaL

Math 25.136. 230a£ cover this material

References: 0"Nefl. Elementary Differential Geometry, last chapter
DoCarmo. Differential Geometry of Curves and Surfaces
C u l t e m - I F S S c g X ^ r - A A ^ f i g " ™ ™

D. ALGEBRAIC GEOMETRY.

Projective space of a field; affine and projective varieties and their ideals, coordinate rings and
function fields; regular and rational maps. Concepts of irreducfeilty. tftmenaion,smoethnes8 and
singularity. Zariski tangent space and degree of projective variety; BexouTs theorem.

Math 260aJ> cover this material

References: Hartshorne, Ateebraic Geometry. Chapter 1 only.
Snatarevich. Baste Algebraic Geometry. Chapters

1 and 2 only.
Fulton. Algebraic Curves
Kendig. Elementary Algebraic Geometry
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E. ANALYSIS
1. Point set topology, including metric spaces.

2. Measure and integration on general measure spaces, including FubinTs theorem and the
Radon-Nikodym theorem

3. Basic facts about Banaeh and Klbert spaces, including the spectral theorem for bounded
self-adjoint operators, and applications to Fourier series, Fourier integrals and differential
equations. Also, contraction mapping theorem for Banaeh spaces.

Math 212a£ . in general, covers this material
References: Royden. Real Analysts pood for A S E

Rudin. Functional Analysis good for C

4. Ordinary Differential Equations: existence and uniqueness of solutions, linear equations,
behavior of solutions near equilibrium points, regular singular points.

References: Birkhoff & Rota, Ordinary Differential
Equations. Chapters 1-6; 9

5. Partial Differential Equations with constant coefficients, separation of variables, eigenvalue
equations. Fourier series.

Reference: Churchill & Brown. Fourier Series and Boundary Value Problems

F. COMPLEX ANALYSIS.

Math 213 will cover this material

References: Ahlfors. Complex Analysis
Carton,, ■MuM.'.Va/j.T Wti

G. CALCULUS!

Every qualifying exam in recent years has had at least one calculus problem and many studentshave not done well.

6/89



QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Tuesday, March 5, 2002 (Day 1)

Each question is worth 10 points, and parts of questions are of equal weight.

la. Describe, as a direct sum of cyclic groups, the cokernel of the map
cp : Z3 —> Z3 given by left multiplication by the matrix

15 6 9
6 6 6

-3 -12 -12

2a. Show that any smooth projective curve of genus zero over a field A; is
isomorphic to a plane conic over k.

3a. Let / be a function that is analytic on the annulus 1 < \z\ < 2 and
assume that \f(z)\ is constant on each circle of the boundary of the
annulus. Show that / can be meromorphically continued to C — {0}.

4a. Give an example of a complete smooth algebraic curve C of degree four
in P^, then find the dimension of the space of holomorphic forms on C.

5a. Let £ be a closed 2-dimensional Riemannian manifold whose sectional
curvature is everywhere negative. Show that there is no isometric im
mersion of E into Euclidean space R3.

6a. A pair of (nonzero) points P and Q in R3 are called antipodal if
Q = —P. By the two sphere S2 C R3 we mean, as usual, the topological
subspace {{x,y,z) | x2 + y2 + z2 = 1} C R3. Let / : S2 -> R2 be a
continuous map. Show that there is at least one pair of antipodal points
{P, Q} on the two sphere such that

f(P) = /(<?)•



QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Wednesday, March 6, 2002 (Day 2)

Each question is worth 10 points, and parts of questions are of equal weight.

lb. Let H be a Banaeh space. Show that there are no bounded operators
A, B on H for which

AB - BA = I
Hint: show for any positive integer n, that

ABn - BnA = nBn~l

On the other hand, for H some space of functions on R, let A be the
operator of differentiation 4- and let B be the operator of multiplication
by x. Then

AB - BA = I.
What is going on here?

2b. Show that the sum ^2 1/p, where p ranges over all prime numbers, does
not converge.

3b. For which positive integers n is Zn a set-theoretic union of finitely many
proper subgroups? (Here Z" is the direct sum of n copies of Z.)

4b. Suppose we have a function regular on a closed disk. Show that its
absolute value at the center of the disk does not exceed the arithmetic
mean of its absolute value on the boundary of the disk.

5b. Let R = Z[x]/(f), where / = x4+42x3-llx2+22a;-2002002002002002,
and let / = 3R be the principal ideal of R generated by 3. Find all
prime ideals of R that contain /. (Give generators for each.)

6b. Let G be a nonabelian group of order 16 containing an element of
order 8. Give the character table of G.



QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Thursday March 7, 2002 (Day 3)

Each question is worth 10 points, and parts of questions are of equal weight.

lc. Let Q be a nonsingular quadratic surface in Pq. Prove that any point
p G Q is the intersection of two lines on Q.

2c. Let X C Pc be an /-dimensional projective variety. Denote by G
the Grassmannian of fc-planes in P£, and let Z C G be the subset of
A;-planes meeting X, i.e,

Z = { A e G : A n I / 0 } .

1. Show that Z is a closed subvariety of G.
2. What is the dimension of Z?
3. Show that Z is irreducible if and only if X is.

3c. Show that the complex projective plane P2- does not nontrivially cover
any other manifold.

4c. Let X be the figure eight:

How many connected, 3-sheeted, covering spaces of X are there, up to
isomorphism over XI Prove your answer.

5c. Let f(z) be regular on the closed disk \z\ < 1 and not equal zero on the
boundary. Show that the maximum of Re zf'(z)/f(z) on the boundary
is at least the number of zeros of / in the disk.

6c. We recall some basic definitions from measure theory. Suppose that F
is a subset of Rn and s is a non-negative number. For any S > 0 we
define

nss(F) = inf []T \Ui\s : {Ut} is a <5-cover of f\
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where the diameter \U\ of a set U is the greatest distance between any
two points in U, and a 8-cover is a countable cover of F by sets of
diameter at most 5. The s-dimensional Hausdorff measure of a set F
is the limit

Hs = limWiF)
<S->0

and the Hausdorff dimension of a set F is the infimum of the s for which
ris(F) = 0 (equivalently, the supremum of the s for which HS{F) = oo).
The middle third Cantor set C is the subset of the unit interval [0,1]
consisting of points that have a base 3 expansion not containing the
digit 1. What is the Hausdorff dimension of the set C?
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Tuesday October 2, 2001 (Day 1)

Each question is worth 10 points, and parts of questions are of equal weight.

la. Let X be a measure space with measure li. Let / e L1(X,ll). Prove
that for each e > 0 there exists 5 > 0 such that if A is a measurable
set with fi(A) < 8, then

J\f\dfM<€.
2a. Let P be a point of an algebraic curve C of genus g. Prove that any

divisor D with deg D = 0 is equivalent to a divisor of the form E — gP,
where E > 0.

3a. Let / be a function that is analytic on the annulus 1 < \z\ < 2 and
assume that \f(z)\ is constant on each circle of the boundary of the
annulus. Show that / can be meromorphically continued to C — {0}.

f P 4 a . P r o v e t h a t t h e r i n g s C [ x , y } / ( x 2 - y m ) , m = 1 , 2 , 3 , 4 , a r e a l l n o n -
isomorphic.

e» 5a. Show that the ellipsoid x2 + 2y2 + 3z2 = 1 is not isometric to any sphere
x2 + y2 + z2 = r.

6a. For each of the properties Pi through P4 listed below either show the
existence of a CW complex X with those properties or else show that
there doesn't exist such a CW complex.

PI. The fundamental group of X is isomorphic to SL(2, Z).
P2. The cohomology ring H*(X,Z) is isomorphic to the graded ring

freely generated by one element in degree 2.
P3. The CW complex X is "finite" (i.e., is built out of a finite number

of cells) and the cohomology ring of its universal covering space is
not finitely generated.

P4. The cohomology ring H*(X,Z) is generated by its elements of
degree 1 and has nontrivial elements of degree 100.
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Wednesday October 3, 2001 (Day 2)

Each question is worth 10 points, and parts of questions are of equal weight.

lb. Prove that a general surface of degree 4 in P3-. contains no lines.

2b. Let it be a ring. We say that Fermat's last theorem is false in R if
there exists x, y, z € R and n G Z with n > 3 such that xn + yn = zn
and xyz ^ 0. For which prime numbers p is Fermat's last theorem false
in the residue class ring Z/pZ?

I
I
I
I
I

3b. Compute the integral

f o of ^ r d x .1+X2

4b. Let R = Z[x]/(/), where / = x4 - x3 + x2 - 2x + 4. Let I = 3R be the
principal ideal of R generated by 3. Find all prime ideals p of R that
contain I. (Give generators for each p.)

5b. Let 64 be the symmetric group on four letters. Give the character
table of 64, and explain how you computed it.

6b. Let X C M2 and let / : X -¥ M.2 be distance non-increasing. Show
that / extends to a distance non-increasing map / : E2 -» E2 such
that /|x = /• Does your construction of / necessarily use the Axiom
of Choice?

(Hint: Imagine that X consists of 3 points. How would you extend /
to X U {p} for any 4th point p?)
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Thursday October 4, 2001 (Day 3)

Each question is worth 10 points, and parts of questions are of equal weight.
lc. Let S C Pc be the surface jfined by the equation XY — ZW = 0.

Find two skew lines on S. Prove that S is nonsingular, birationally
equivalent to P2-, but not isomorphic to P^.

2c. Let / G C[z] be a degree n polynomial and for any positive real num
ber R, let M(R) = max|z|=H \f{z)\. Show that if R2> Ri> 0, then

M(R2) < M(fr)

with equality being possible only if /(z) = Czn, for some constant C.

3c. Describe, as a direct sum of cyclic groups, the cokernel of tp : Z3 —> Z3
given by left multiplication by the matrix

3 5 21
3 10 14

-24 -65 -126

4c. Let X and Y be compact orientable 2-manifolds of genus g and h,
respectively, and let / : X —> Y be any continuous map. Assuming that
the degree of / is nonzero (that is, the induced map /* : i72(Y,Z) -A
H2(X,Z) is nonzero), show that g > h.

5c. Use the Rouche's theorem to show that the equation zex~z — 1, where
A is a given real number greater than 1, has exactly one root in the
disk \z\ < 1. Show that this root is real.

6c. Let / : E —> E be a bounded function such that for all x and y A 0,
\f(x + y) + f(x-y)-2f(x)\

j - ; < B ,12/1
for some finite constant B. Prove that for all x A 2/>

\f(x) - f(y)\ < M ■ \x - y\ ■ (l + log+ (y^i)) >

where M depends on B and ||/||«», and log+(x) = max(0,logx).



Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
October 3, 2000 (Day 1)

Each question is worth 10 points, and parts of questions are of equal weight unless oth

erwise indicated.

la. Classify (up to isomorphism) all groups of order 35.

2a. Exhibit a real valued C°° function on the real line that is not real analytic.

3a. Consider the curve C in P3 which is the image of the map

p i — ^ p 3

[x,y] h> [x3,x2y,xy2,y3].

(i) Write down 3 quadric equations giving C.

(ii) Show that if L is a line that is either tangent to C or that meets C in two points,
then C U L is cut out by two quadric equations in the space spanned by the 3

equations given in (i).

4a.

(i) Construct a nowhere dense subset of the unit interval [0,1] with positive Lebesgue
measure,

(ii) Construct a subset of the unit interval [0,1] which is a countable union of nowhere
dense sets and has Lebesgue measure 1.

5a. Let X C E3 be the complement of the three coordinate axes. That is, a point

(xi, X2,23) G E3 belongs to X if and only if at most one of the three coordinates x\, x2,
or X3 is 0.

(i) Is X of the same homotopy type as a finite graph? ( A graph is a simplicial
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complex made up of only vertices and edges.) If not, prove it; if so, exhibit such
a graph and the homotopy equivalence,

(ii) Compute Hn(X,Z) for all integers n, where Hn(*) denotes singular homology.

6a. Are the following spaces complete? Justify your answer.

(i) (4 points) The space of all bounded holomorphic functions in the open unit disk
with sup-norm,

(ii) (4 points) The space of all injective bounded holomorphic functions in the open
unit disk with sup-norm,

(iii) (2 points) The space of all injective bounded holomorphic functions / in the open
unit disk such that /'(0) = 1, with sup-norm.
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
October 4, 2000 (Day 2)

Each question is worth 10 points.

lb. Let K/F be a Galois extension of fields with Galois group Sn (the symmetric group

on n letters). Prove that K is the splitting field over F of a polynomial f(x) G F[x] of

degree n.

2b. Let / be a surjective map between smooth projective curves over C

(i) If / has degree 2, show that / must have an even number of branch points,

(ii) Show that the degree 2 map F : Pi —> Pi in characteristic 2 given by y *-¥ y2 —y
has only 1 branch point with ramification degree 2.

3b.

(i) Show that if / is a continuous 27r-periodic function with Fourier coefficients

I '(n) = h f Hx)e~inXdx,
i

(ii) Show that the same is true if / is only integrable on [—n, n].

then
lim f(n) = 0.

4b. Let / be analytic and bounded by 1 in absolute value in the open unit disk D.

(i) Show that if f(a) = 0 (a G D) then

l/tol < z — a
1 — az

for z E D.

(ii) Show that if /(ai) = f{cx2) = 0 for 01,0:2 G D with ax A «2, then

l/(0)| < |oia2|.
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5b.

(i) Define the degree of a smooth map <p : M —▶ N, where both M and N are con
nected compact oriented fc-dimensional differentiable manifolds without bound-

f a a r y .

(ii) Compute the degree of the self map x4i' defined on the group U(2), (that is,
the set of two-by-two complex invertible matrices A with A-1 = A ), where q is

an arbitrary integer.
r

r
r

r
r
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6b. Let X be a compact orientable 2-manifold without boundary. Show that two continu

ous maps from X to S2 are homotopic if and only if they induce the same homomorphism

on two-dimensional singular homology:

H2(X,Z)^H2{S2,Z).
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Each question is worth 10 points.

lc. Compute

r
r
i

Ju 1

2c. Consider the ring R = C[x, y, z\.

t
I
r

Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
October 5, 2000 (Day 3)

dx
+ xb

(i) Describe all maximal ideals of R.

(ii) Describe all minimal nonzero prime ideals of R.
(iii) Give an example of a prime ideal in R which is neither minimal nonzero nor

maximal.

3c. Find a non-zero regular differential on the projective curve y2z = x3 + xz2 + z3.

4c. Find a finite CW-complex X whose universal covering space X has the property that

H2(X,Z) is not a finitely generated group. Here H2(*) denotes singular cohomology.
(Hint: Use as few cells as possible.)

5c. . Consider S2 endowed with the standard round metric. Find a continuously differ-
entiable map

L : S1 x S1 —> S2

such that if h(z) G S1(= SO(2)) is the holonomy of the Levi-Civita (Riemannian) con

nection along the loop w i-> L(z,w) in S2, then h : S1 —▶ S1 has non-zero degree.

6c. Let A be a linear operator on an infinite dimensional separable Hilbert space such

that A maps bounded sets to subsets of compact sets (that is, A is a compact operator).

(i) Find such an A that has no eigenvectors.
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(ii) Show that if A is self-adjoint, then A has an eigenvector. (Hint: Consider a
vector x with unit norm such that (Ax,x) = supnyn=1(Ay,y).)



r

r
-

r
-

r

r
r

r
-

r
r

Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
Feb 8, 2000 (Day 1)

la. Let {ai, a2,... } be a sequence of real numbers.

i) Define what it means to say that J2 an is absolutely convergent, and prove that if

£ an is absolutely convergent and equal to S and a is a permutation of Z+, then £ aa(n)
is absolutely convergent and equal to S.

ii) Suppose that J2 an is convergent, but not absolutely convergent. Prove the Riemann

rearrangement theorem: for any real number s, there exists a permutation a of Z+ such
that 2Zaa(n) converges to s, and there also exist permutations a± such that JZaa±(n)

diverges to ±oo

2a. Let X C P" be a projective variety over an algebraically closed field k. Denote by
F1* the so-called dual projective space, parameterizing hyperplanes H ~ P"-1 in P".

Consider the universal hyperplane section

rx = { (P,H )<=XxFn* \PeH} .

i) Show that Tx is a closed subset of the product X x P"*.

ii) Show that Tx is irreducible if and only if X is irreducible.
iii) Assuming that X is irreducible, compute the dimension of Tx in terms of the

dimension of X.

3a. Let (X, d) be a compact metric space and suppose / : X —> X is a map such that
for every x # y in X, d{f(x),f(y)) < d(x,y). Show that there exists a unique x0 G X

such that /(xo) = ^o-



4a. Let u be a harmonic function on the punctured disc 0 < \z\ < p, and assume

Um zu(z) = 0.

Prove that there exists a G C and a harmonic function uo on the disc \z\ < p such that

u(z) = alog(z) + u0(z)

for 0 < |z| < p.

5a. Let Sn denote the unit sphere in Rn+1. Let / : Su -> Sn be a continuous map
without fixed points. Prove that / is homotopic to the antipodal map a(x) = -x.

I
I
r

t
6a. Let k be a finite field, and k an algebraic closure.

i) For each n > 1, show that there is a unique extension kn of degree n over k inside
ofk.

m ii) Show that kn/k is a Galois extension, with cyclic Galois group.

iii) Show that the norm map k% -> k* sending x G k% to the product of its Galois
conjugates (over k) induces a surjective homomorphism from k% onto kx.

iv) Determine for which pairs of positive integers (n, m) we have Jfcn C km inside of k.

|
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Feb 9, 2000 (Day 2)

|

|

f
I

lb. Let A be an integral domain. An A-module M is said to be torsion-free if for / G A,
m G M, the condition fm = 0 forces / = 0 or m = 0.

i) If A is a principal ideal domain and M, N are torsion-free A-modules, then prove
that M <g>A N is torsion-free.

ii) Give an example, with proof, of a domain A and torsion-free A-modules M, N such
that M <B>a N is not torsion-free.

t
2b. Let fcbea field and F G k[u, v] a non-constant irreducible polynomial with degree

fd > 0. Let P = zdF(x/z, y/z) G fc[x, t/, z] be the associated non-constant homogenouspolynomial, which we assume defines a smooth curve C in P?.
i) In terms of maps between curves, give a geometric interpretation of the statement

that the equation F(U, V) = 0 has a solution (u, v) in the rational function field k(t)
with u, v & k.

ii) Using facts about the genus of connected smooth projective curves over an alge
braically closed field, prove that if n > 2, the equation Un + Vn = 1 does not have a
solution in k(t) with U,V G" k, provided the characteristic of k does not divide n.

iii) (extra credit) Prove an analogue of (ii) with the field k(t) replaced by Q.
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3b Let [/I = (^ ft* \}{eie)\2de)1'2 be a norm on the space V = C[z] of polynomials.

i) Show that the completion H of V with respect to this norm is a Hilbert space. Find
an orthonormal basis.

ii) Compute the norm (with respect to | • ||) of the functional V -A C given by / i->

1 / ( 1 / 3 ) .
iii) For any 0 < r < 1, define the norm || • fr on V by

r

*

2 t t \ 1 / 2

l / l ' = ( £ . f l / ( p e * ) | 2 , t f ) ■

Let Vr denote the space V equipped with this norm. Prove that the identity map Vx -> Vr
is a compact operator for all r < 1.

4b. Show that the function defined by

^ o o

Z(2) = I>2"
n=0

re
is analytic in the open disc \z\ < 1, but has no analytic continuation to any larger domain.

5b. The torus S1 x S1 is embedded in E3 as a surface of revolution given by

(0, <f>) M- f - cos0(3 + sin<p), - sin9(3 + sin<j>), cosdA

r ( f o r d o e s 1 ) .
i) Compute the Gaussian curvature function for the induced metric at the points (2,0,0)

and (1,0,0).

ii) Find an embedding 51 x 51 <-4 R4 for which the Gaussian curvature function of the
induced metric vanishes identically.



i
6b. Let X be a path-connected space, and x0,xi G X two points.

i) Construct an isomorphism Tti(X;xQ) ~ itx(X\Xx), natural up to conjugation.
ii) Define what it means to say that a continuous map Y -x X is a covering space, and

assuming that X has a basis of opens which are path connected and simply connected,
describe carefully how covering spaces of X are classified by the group iti(X;x0).

iii) Construct a space which has S2 as a double cover.
iv) Construct a non-orientable space which has the torus Sl x S1 as a double cover.

I
I
I
f
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
Feb 10, 2000 (Day 3)

lc. Let 0 = xdy - ydx + dz, a smooth 1-form on E3. For each p G E3, let Ep C Tp

denote the 2-dimensional subspace annihilated by 6(p).

i) Show that the Fp's are the fibers of a subbundle of the tangent bundle of R3.

ii) Prove that if X and Y are vector fields spanning E over an open set [/CR3, then

[X, Y] cannot be contained in E over all of U.

iii) Find a piecewise smooth curve going from (0,0,0) to (1,0,0) with tangent field
lying in E.

2c.

i) Define the local intersection number (at an intersection point) of two distinct irre
ducible closed curves in the complex projective plane.

ii) Compute the intersection number of x2y - z3 = 0 and x3 - xyz = 0 at the point

[0,1,0].
iii) State Bezout's theorem for curves in the projective plane.

3c. Compute

fJo
lQg(*) dx

x2 Ab2
for b > 0.
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4c. Let E C [0,1] be a Lebesgue-measureable set. Define the density function /s by

h(t) = fim—m(E n [t - e, t + e])

(the limsup taken as e —» 0).
i) Show that almost everywhere, /e(£) G {0,1}.
ii) Show that for all x G [0,1],

/ f(t)dt = p,(xn[o,x]).Jo

5c. Let / = x4 - 5 G Q[x].

i) Show that / is irreducible, and calculate the degree of its splitting field K over Q,
as well as the Galois group G of K over Q.

ii) Give an explicit injective map of groups from G into 54, the symmetric group on 4
letters.

iii) How many subfields of K have degree 4 over Q?

6c. Let S3 = {(zi, z2) G C2 | |zi|2 + |z2|2 = 1}. Let the group p,v of pth. roots of unity in
C (for a prime p) act on S3 by p(C) : (zuz2) t-4 (C2i,Cm22), where m G (Z/p)x is fixed.
Let M denote the quotient of S3 by this action.

i) Compute 7Ti(M).
ii) Compute Hi(M; Z) for 1 < i < 3.
iii) Compute if*(M;Z) for 1 < i < 3.
iv) How do the previous two parts change when Z is replaced by Q?

t
I
I
r
i
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
Oct 5, 1999 (Day 1)

I
I
~ la. Using only freshman calculus, prove that

j sin(*2) dt = lim / sin(r.2) dtJ 0 T V —▶o o J 0

converges.

I
2a.

E =

i) Let / : M —▶ N be a. C°°-map between compact, oriented, connected manifolds.
Define the degree of /. Does there exist a degree 2 map from S2 to a surface

I
in R3 of genus 2?

ii) Consider the map E —▶ S2 given by assigning to p G E, the unit normal Xp to E
at p, and translating to the origin. What is its degree? Explain your answer

m

Typeset by AmS-T&



r
3a. Let (Vi, || • ||i) and (V&, || • H2) be finite-dimensional complete normed vector spaces
over R.

i) Show that Vi and V2 are isomorphic as topological vector spaces.

ii) Give an example (with proof) where V\ and V2 are not isometric as Banaeh spaces.

1

i
-

r

r

r
r

4a. For a G R, show that

I sm(ax ) , 7 r , a i r. , , .ax = — tanh —-,
0 s m h ( x ) 2 2

where sinh(J) = = -i sin(zt), tanh(t) = —
el + e- t

5a.

i) Let M be a smooth compact connected manifold of dimension m. What can you say
about ifm(M;Z/2Z)? About Hm(M;Z)? Justify your answer.

ii) Determine (with proof) the cohomology ring with coefficients in Z of the projective

spaces CP"1 and RP".
iii) An inclusion of Rn <—▶ Rn+1 as a hyperplane induces an inclusion

i : RPn_1 —▶ RF1.

Show that i admits no retraction (i.e., there is no map RP" —▶ RP"-1 with f-i = id.)

iv) Is the same true for i : RPn —▶ CP", where this map is induced from the inclusion
0f Rn+l «_» Cn+1 ^ the SUDset Qf rea] points?
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6a.

i) Show that if A is a Noetherian commutative ring, then so is the formal power series
ring A[t}.

ii) Let R = k[ti, • • • »*n] be the ring of formal power series over a field k in the inde-
terminates ti,...,tn- Let a be a surjective endomorphism of the ring R. Show that a is

an isomorphism.
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
Oct 6, 1999 (Day 2)

lb. Let kf be a field and G a finite group. Let V be a non-zero, finitely generated,

semisimple kJ[G]-module. The Brauer-Nesbitt Theorem asserts that V" is determined up
to (non-canonical) isomorphism by the characteristic polynomials Xv,g(t) G tf[t] of the

actions on V of all g G G. Let A; C ^ be a subfield over which kf is finite Galois.

i) Prove that k' ®k (•) takes semisimple fc[G]-modules to semisimple fc^Gj-modules.

ii) Assume H2(Gal(V/k),k'x) = 1. If xv>,g(t) G k[t] for all g € G, prove that there
is a fc^-module isomorphism V ~ k' ®k V for a semi-simple fc[(3]-module V^ which is

unique up to isomorphism.

iii) Prove that H2(Gal(kf/k),kjX) = 1 for k'/k any extension of finite fields.

2b. Let /, g be two meromorphic functions on a compact, complex Riemann surface.

Show that there exists a polynomial F(X, Y) ^ 0 such that F(f,g) = 0.

3b.

i) What is meant by an eigenfunction of a differential equation with respect to specified

boundary conditions?
ii) Find a basis of eigenfunctions for the differential equation

uxx + uyy A\u = 0



r
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iii) What are the eigenvalues A that arise in (ii)?

I
on [0,1] x [0,1] for the boundary conditions:

I
I
1

4b. Let / = 52 a*zn be a function that is holomorphic onA = {|z|<l} and meromorphic

on some neighborhood of A = {|z| < 1}.

i) Assume that / has no poles on dA. Show that |o„| —▶ 0 as n —▶ co.

ii) Assume that / has at worst simple poles on dA. Show that sup |an| < co.
iii) Give a counterexample to (ii) if one allows poles on dA with order greater than 1

I
5b. Let M be a smooth manifold, and let / : M —▶ R be a C°° function with no critical
values in [0,1]. Show that /-1(0) and /-1(1) are diffeomorphic.

6b. Let X be the figure-eight: X = co.

i) How many connected, 3-sheeted covering spaces of X are there, up to isomorphism,
over XI Draw them.

ii) How many of these are normal (i.e. Galois) covering spaces?
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Oct 7, 1999 (Day 3)

lc.

i) Let F : R3 —▶ R be a smooth function. In what sense is the differential equation

± ( d F \ d Fdx \dy'J == dy

equivalent to the variational condition:

8 IF(x,y,y')dx = 0?

ii) Prove this equivalence.
iii) Show that for the differential of length

2ds2=:71(dx2 + dy2)f
in the upper half-plane y > 0, the geodesies (shortest paths) are the curves

(x - a)2 +y2 =r2, y> 0.



2c. Let k be a field, and let flt... fm e k[xu..., xn] be polynomials.

i) State the Nullstellensatz in K[xi,... ,x„] for K an algebraically closed field.

ii) Use it to prove that if the /i's have no common zero in an algebraic closure k of k,
then (/i,... ,/m) = (1) as ideals in k[xi,... ,xn].

iii) If /l, • • •, fm G Z[xi,..., Xn] have a common zero in Fp for infinitely many p, prove
that they have a common zero in Q.

iv) Give a counterexample to (iii) if we replace Fp, Q by Fp, Q respectively.r
3c.

i) State the Schwarz Lemma.
ii) Let d>: D —▶ C be a conformal mapping of the open unit disc D, and let / : D —▶ C

be a holomorphic map with f(D) C <p(D), /(0) = r>(0). Prove that \d>~l(f(z))\ < \z\ for

all z£ D.

iii) Let / : D —▶ C be a holomorphic function, with /(0) = 0 and \Re(f(z))\ < 1.
Show thatI
Prove that the equality is possible only for

It

2_ 1 + etaz
in °g 1 - exaz ' a G R

x)\dy = 0
\y-x\<h

I
4c. For / G LX(R), prove that

lim I [ \f(y) - /(

for almost every x.

I
I
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5c. Let fc be a field, and let / G k[x] be a monic polynomial.

i) Describe in detail what it means to say that a finite extension L/k is a splitting field
of /, and prove the existence and uniqueness (up to non-canonical isomorphism) of such
an extension.

ii) Suppose that f(x) = xn - 1, with char(k) \ n. Let L/k be a splitting field of /,
so that L/k is Galois. Construct a canonical injection of groups Gal(L/k) «-* (Z/n)x.

When n = pr is a prime power, determine (with proof) the image of this map for k = Q,
R and Fj where I is prime, I A1 P-

iii) Prove the existence of a Galois extension L/Q with Gal(L/Q) cyclic of order 21999,
and prove that for any such L, the unique quadratic subfield Q(Vd) C L must have

d > 0 .

6c. Let / : X —▶ Y be a surjective map between projective smooth algebraic curves

over C.

i) State the Hurwitz genus formula for /.

ii) If / has degree 2, show that / must have an even number of branch points on Y.
iii) Show that the (degree 2) map F : Pi —▶ Pi in characteristic 2 given by y \-* y2-y

has only 1 branch point, with ramification degree 2.
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics

Wednesday, February 10, 1999
(Day 1)

1. a: Let X be a Banaeh space. Define the weak topology on X by
*■ d e s c r i b i n g a b a s i s f o r t h e t o p o l o g y .

b: Let A : X -* Y be a linear operator between Banaeh spaces that
is continuous from the weak topology on X to the norm topology
on Y. Show that A(X) is finite-dimensional.

2. Prove there is an entire function f{z) whose zero set consists of the
positive integers.

3. a: Compute the fundamental group of a figure 8 (see below). No
justification is required.

Figure 8

b: Show that any finitely-generated subgroup of the free group Z * Z
is also free.

4. Let R be the ring of continuous functions on the unit interval [0,1].
Construct (with proof) an ideal in R which is not finitely generated.

5. a: Consider the ellipse
x2 + 2y2 = 1.

Is it isometric (as a Riemannian manifold) to some circle?
b: Consider the ellipsoid

x2 + 2j/2 + 3z2 = l.
Is it isometric (as a Riemannian manifold) to some sphere?

Prove that your answers are correct.

6. Consider the surface 5 = {[x : y : z : w] € CP3 | xy - zw = 0} in
complex projective 3-space.
a: Prove that S is non-singular.
b: Prove that S is birationally equivalent to the projective plane
c: rind two lines on S that do not intersect.
d: Prove that S is not isomorphic with the projective plane



Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics

Thursday, February 11, 1999
(Day 2)

1. Show that there exists a finite extension K of Q with [A' : Q] = 9 such
that the extension A'/Q is only ramified over the prime 1999.

2. Let G be the Lie group of all isometries of the Euclidean plane. Intro
duce a coordinate system on G. Describe a left Haar measure on G in
these coordinates. Show that this measure is bi-invariant.

Let ii be an irreducible polynomial in two complex variables such
that the set {(x,y) € C2 : R{x,y) = 0} is a non-singular curve.
Consider the form j^- on the open set of the curve where Ry - |£
is nowhere zero. Show that this differential form has a unique
extension to a holomorphic form on the whole affine curve.

: Let x5 + y5 + z5 = 0 define a curve E in P2. Write down an explicit
basis for the holomorphic 1-forms on E.

4. Let f(z) be an entire function with no zeros, such that |/(z)| < Ce|z|
for some real constant C. Show that f(z) = exp(az + b) for some
a,beC.

5. Let On(R) denote the group of n by n orthogonal matrices over R.
Compute 7r2(On(R)) for all n= 1,2,3,

6. Let a and b be real numbers.
a: Compute the convolution (on R) of the functions e~ax2 and e~6x2.
b: Compute a formula for the moments

/ '
xne~ax dx,

R

where n is a non-negative integer.



r

Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics

Friday, February 12. 1999
(Day 3)

1. Evaluate the definite improper integral
oo

cos(ax)
J cosh(bx)o

dx,

where b > 0 and a is an arbitrary real number. (Recall that cosh(t) =
cos(rt) = \(A + e-t) is the hyperbolic cosine of t.)

2. Show that a finitely generated group G has only a finite number of
subgroups of a given index d.

3. Give a necessary and sufficient condition on the Fourier coefficients of a
continuous function / : R/Z -+ C which characterizes the real-analytic
functions.

4. a: Let E be an elliptic curve over C and Oe£bea choice of zero for
a group law on E. Show that the ring of endomorphisms of (E, 0)
is commutative.

b: Let E be the elliptic curve x3 + y3 + z3 = 0 in P2 over an algebraic
closure F5 of F5. Let [1 : -1 : 0] be its zero element. Show that
the ring of endomorphisms of (E, [1 : -1; 0]) is not commutative.

Let K be the Klein bottle.
a: Compute -n\{K).
b: Compute the homology groups H*{K;Z) for all n > 0. You may

use that K is not orientable.

6. Consider a parametric curve /:R-»R3, where / is a CJ-map.
a: State an easy condition on the function / that guarantees that /

is a smooth path (i.e., the range of / is a smooth curve which may
cross itself but has no corners),

b: State what is meant by the arc-length parametrization and prove
that the condition you have given in a is sufficient to ensure that
the arc-length parametrization of the curve / is also of class C1.

c: Assuming that / itself gives the arc-length parametrization, define
the curvature, the torsion, the principal normal and the binormal;
and state the Frenet-Serret formulas.



Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
Monday, September 28, 1998 (Day 1)

la. i) Define Noetherian ring.
H) Prove Hubert's Basis Theorem: If A is a Noetherian ring, then A[x] is Noetherian.
mj Uive, with justification, an example of a non-Noetherian ring.

2a. Let X and Y be Banaeh spaces and S, T: X -> Y bounded linear maps.

i) Prove that if T is a bijection then there exists 8 > 0, depending only on T, such that
||£ — i || < o =x S is a bijection.

ii) Assume that the kernel of T is finite-dimensional, the image of T is closed, and the
cokernel of T is finite dimensional. Prove that there exists 8 > 0 depending only on T,
such that if \\S - T\\ < 8 then all three properties (finite-dimenionsal kernel and cokernel'
closed image) hold for S.

3a. Let L C C be a lattice and define

where ]T' means the sum over all nonzero I G L.

i) Show that p is convergent and analytic on {z G C : z $ L).
ii) Show that p is periodic with respect to L, i.e. p(z + Z) = p(z) for all I G L.
iii) Show that any holomorphic function on C which is periodic with respect to L is

constant. Using this, deduce that

(dp/dz)2 = Ap3 - g2(L)p - g3(L),

where

< ? 2 ( I ) : = 6 0 £ ' I 0 3 ( L ) : = 1 4 O £ ' i



4a. Compute *„(€!*) for alI positive integers ^ ft
such that 2k + 1 > n.

for „ > 3 there do not exist non-constant x, y 6 CW suc^ that ,.
= 1.

6a. Define a metric on {(*,,) e ^ : x, + y2 < 1} by ^ ^

dS2 = ^!+-2^2
( l - r 2 ) P '

Here (r,0) are polar coordinates and p g R.

i) Compute the connection form relative to the orthonormal frame

e' = dr « r d 6
i e —( l - r 2 ) p / 2 ' - £ — _ .

ii) Compute the second fundamental form of the circle r - 1/2
ni) For which p is this circle a geodesic? " '
iv) Compute the Gaussian curvature of this metric.



Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
Tuesday, September 29, 1998 (Day 2)

lb. For m > 0 prove that

I°° e-mx' cos(mx) e"™/4
dx =e * x + e - * x 4

(Hint: The denominator of the integrand has a pole at x = i/2.)

2b. Let R be a nonzero commutative ring with unity, and / a proper ideal in R (i.e. an
ideal other than R itself).

i) Show that the radical of / (the set of r G R such that rn e I for some integer n > 0)
is the intersection of the prime ideals of R which contain /.

ii) State the Hilbert Nullstellensatz for rings R which are finitely generated over an
algebraically closed field. Explain how this theorem implies that if R is a polynomial ring
over C in finitely many variables then the radical of / is the intersection of all maximal
ideals of R which contain I.

iii) Give an example of a ring R and a proper ideal I C R whose radical is not the
intersection of the maximal ideals which contain it.

3b. Let G be the group GL3(F2).

i) How many conjugacy classes does G have?
ii) Show that G has exactly two conjugacy classes of size 24.



4b. Let Tn = En/Zn be the torus of dimension n.

i) Describe the cohomology ring of Tn.
ii) If a : Tn —> Tn sends x to 3x, compute the "Lefschetz number" of a:

n

L(o):=^(-irTrace(a*|^(rn)).
t = 0

iii) Prove that the graph of a is transverse to the diagonal in Tn x Tn.
iv) State the Lefschetz fixed point theorem and check that it holds in this case.

5b. Let S be a compact connected surface in E3 with Gaussian curvature everywhere
positive.

i) Show that S is diffeomorphic to the sphere. (You should not use the classification of
compact surfaces.)

ii) Show that S is convex, i.e. lies to one side of each of its tangent planes.
iii) Show that S contains at least one umbilical point, i.e. a point at which the principal

curvatures are equal. (Hint: S2 has no nowhere vanishing vector fields.)

6b. Consider the system of differential equations

dx—- = ax + Ay,
at

^- = -x + 2y.at
Discuss, with appropriate sketches, the nature of the solution curves (x(t),y(t)) for

various values of a. What are the critical values of a where the nature of the solution
changes?



Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
Thursday, October 1, 1998 (Day 3)

nrnjTe/TT-S1 {Th•">,',{!'"^.^, °f P°SitiVe nUmber8 are Said t0 be "fVtaHc iflimn->oo[xn/yn) = l. This is denoted xn ~ yn.

i) Prove that if xn ~ yn and £~i xn = oo then

n n

J^xfc~^2/fc.
f c = l f c = l

ii) Show that for each a > 1 there exist positive constants Cl(a),c2(a) such that

^ a k , , r + 1 a * a »
2 ^ - T - ~ c i ( a ) / — d a ; ^ C 2 ( a ) _ .f c = i * J \ x n/ n + l

Compute ci(o) and c2(o) as explicit functions of a.

2c. Define a vector field X on E2 by

X = — - —
d x d y

i) Find all points of R2 at which X is tangent to the curve 2x2 - 4xy + 3y2 = 1
ii) Determine the Lie derivative of 3x3dx - y2 dy in the direction of the vector field X.
in) Let M be a smooth manifold, w a smooth differential form on M, and X a smooth

vector field on M. Give Cartan's general formula relating the exterior derivative of u to
the Lie derivative of u in the direction of X.
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3c. Let I c C be a lattice; let X = C/L, a Riemann surface of genus 1.

i) Show that any holomorphic map / : X -x X is induced from a map z *-> az + b on C
for suitable a, b G C.

ii) Let 71,7-2 be distinct holomorphic automorphisms of X of order 2, and let a = txt2.
Assume that each of ru r2 has fixed points on X. Prove that a has no fixed points.

4c. i) Let CX,C2 be two distinct irreducible curves in CP2. Define the intersection multi
plicity I(P; C1,C2) of CX,C2 at a point p G Cx n C2, and state Bezout's theorem.

ii) Using Bezout's theorem, prove that there exist finite sets of points in CP2 whose
homogeneous ideal cannot be generated by two elements.

5c. A finite group G will be said to have "property R" if, for all g G G and every integer
n relatively prime to the order of G, the group elements g and gn are conjugate in G.

i) Give infinitely many non-isomorphic examples of finite groups having property R.
ii) If G has property R, prove that for every finite-dimensional representation

p : G -> GLm(C)

of G we have Trace(p(p)) G Z for all g GG.

*

r
r

6c. Among the three compact surfaces Si,S2,S3 drawn below, for which pairs {i, j} are
Si and Sj homeomorphic? Justify your answer.

£i



r
r
r
r
r

r

r
r

Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
Tuesday, February 17, 1998 (Day 1)

1. For any linear transformation T : Cn —▶ Cn, let A(T) be the algebra of linear maps
Cn —▶ Cn that commute with T. Give necessary and sufficient conditions on two semisimple
(i.e., diagonalizable) linear maps S,T : Cn —* Cn for A(S) to be isomorphic to A(T) as
algebras.

2. Let X and Y be compact connected oriented 3-manifolds, with Tt\(X) = Z/5Z and
7ri(y) = Z/10Z. Find Hn(X x Y,Z) for aU n > 0.

3. Prove that if the closed unit ball of a Hilbert space V is compact, then V is finite-
dimensional.

4. Let C C Pc be the Fermat quartic, that is, the Riemann surface

C = {[X,Y,Z]:X4 + Y* + Z4 = 0}.r
r
-

r
i
f i

Jo

r
i

a. What is the genus of CI
b. Let x = X/Z and t/ = Y/Z. Show that the meromorphic 1-form on the open set

Z # 0 of C given by
dx
y6

extends to a global holomorphic 1-form on all of C, and that the forms xu> and yoj do as
well. Show that {u;,xu;,yu;} is a basis for the space of global holomorphic 1-forms on C.

c. Prove that C is not hypereUiptic, that is, there does not exist a meromorphic
function on C with exactly two poles.

5. Evaluate the integral c cos x dx
— T f o r a > 0
a1 +x*
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Feb.17, 98 - Day One - P. 2

6. For any topological space X, we define the symmetric square S2X of X to be the
quotient of the product X x X by the involution exhanging factors—that is, the set of
unordered pairs of points of X, given the quotient topology. For the following, let X be a
compact 2-manifold.

a. Prove that S2X is a 4-manifold. Under what conditions is it orientable?
b. Find the Euler characteristic of S2X in terms of that of X.
c. Describe S2X explicitly in case X is the 2-sphere.
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Wednesday, February 18, 1998 (Day 2)

1. Describe (as a direct sum of cyclic groups) the cokernel of the map <f>: Z3 -» Z3 given
by left multiplication by the matrix

r

r

r
r

2. Let X be the space obtained from the sphere

S2 = {{x,y,z:x2 + y2 + z2 = l}

by identifying (1,0,0) with (-1,0,0) and also identifying (0,1,0) with (0, -1,0). Let Y be
the torus S1 x S1, and let Z be the space S2 V S1 V S1 obtained by attaching two circles
toS1:

a. Compute the cohomology groups of these three spaces.
b. Classify them up to homotopy type.

3. Let K be the splitting field of the polynomial x4 — 2 over Q, and let G be the Galois
group of K over Q.

a. Show that G is a dihedral group.
b. Describe all subfields of K.



f
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4. Find the Fourier series for the function / : E —▶ E given by

f(t) = t for - tt < t < it

and
f{t + 2tt) = f(t) for all t.

Deduce from this the values of the sums

, ! 1 !
l - 8 + 5 - 7 + " \

a n d , 1 1 1
1 + 4 + 9 + l6+-

5. Let X = CP1 = C U {oo} be the Riemann sphere. Show that every biholomorphic map
X —▶ X is given by a linear fractional transformation z *-> ff^g-

6. Let m and n be positive integers, and k a positive integer less than m or n. Let
JV = mn - 1, and realize the projective space P£ as the space of nonzero m x n matrices
modulo scalars. Let Xk C P£ be the subset of matrices of rank k or less.

a. Show that Xk is an algebraic subvariety (that is, closed algebraic subset) of P£.
b. What is the dimension of Xkl
c. Show that Xk is irreducible.
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Thursday, February 19, 1998 (Day 3)

1. Consider the ring R = C[x,y,z],
a. Describe all maximal ideals in R.
b. Describe all minimal prime ideals in R.
c. Give an example of a prime ideal that is neither maximal or minimal.

2. Let K C E3 be the trefoil knot, as pictured:

a. Find a finite presentation of the fundamental group 7Ti(E3 \K)'oi the complement
of K in E3.

b. Show that 7Ti(E3 \ K) admits a presentation with two generators X and Y and one
relation XYX = YXY.

c. Find a surjective homomorphism from 7Ti(E3 \ K) onto the symmetric group 63
on three letters.

d. Show that K is knotted.

3. Show that

/ . '

1 + x
1 + x

30

60 dx = 1 + — where 0 < c < 1
oU
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4. Let C C E3 be the curve given by the equations y = x2 and z = xy. Find the osculating
plane to C at the point (1,1,1) G C, and compute the curvature and torsion of C at that
point.

5. Find the Laurent expansion
/(z) = Y,a^n-

n€Z

around 0 of the function

z2 + z -f-1
a. valid in the open unit disc {z : |z| < 1}; and
b. valid in the complement {z : |z| > 1} of the closed unit disc in C.

6. Let 64 be the symmetric group on four letters. Give the character table of ©4, and
explain how you computed it.
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Tuesday, October 14, 1997 (Day 1)

1. Classify all groups of order 55.

2. Let X be the topological space obtained by identifying the two boundary components
of Sn x /via the antipodal map—that is,

X = Sn x 7/(x,0) ~ (-x, 1) Vx G 5n .

Find the homology groups of X.

3. Evaluate

/

cosx ■dx._„ 1 + x + x2

4. Let V be the vector space of all homogeneous polynomials F(X, Y, Z) of degree d in
three variables over C, and let PV = Pv => / x be the projective space of such polynomials
mod scalars.

a. Let E C PV be the set of reducible polynomials, that is, products of polynomials
of lower degree. Why is E an algebraic subvariety of PV?

b. Let Fi,..., Fd be any d homogeneous polynomials of degree d in three variables
over C. Show that there exists scalars Ci,...,c<j G C, not all zero, such that Y*°i^i is

( o v e r C . Sreducible.

I
5. a. State the open mapping theorem.

b. Let <p : V —▶ W be a linear map of Banaeh spaces. Suppose that whenever Vi G V is
I a sequence of vectors such that Vi —♦ 0 in V and <p{vi) —> w for some w G W, then w = 0.Show that <p is continuous.
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6. For any pair of real numbers a and b, let Ma>t be the matrix

Ma,b =

(a b' b a

\b b

b

a )
with entries a on the diagonal and b off the diagonal.

a. What are the eigenvalues of Ma^l
b. For what values of a and b does the limit limn_,0O(Mo>6)n exist?
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Wednesday, October 15, 1997 (Day 2)

1. Let X and Y be compact orientable 2-rrianifolds of genus g and h respectively, and let
/ : X —▶ Y be any continuous map. Assuming that the degree of / is nonzero (that is, the
induced map /. : H2(X,Z) —▶ /J"2(Y,Z) is nonzero), show that p > h.

p 2. Let V = C2 be the standard representation of the group SL(2, C), and let V®n be thenth tensor power of V. How many factors are there in the expression of V®2 as a direct
sum of irreducible representations? How about V®3 and V®4?

3. Define a sequence of integers c* for n > 0 inductively by setting cq = 1 and

n - l
Cn = y^CjCn-i-j

i=0

for n > 1. Show that
(an)!

C n =
n!(n +1)!

4. Let L be the splitting field of the polynomial f(x) = x4 - 3x2 + 1 over Q, that is, the
field obtained by adjoining to Q all four roots of /. Find the Galois group of L over Q.
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5. Let E C [0,1] be a Lebesgue measurable subset. Define the density function f(t) of the
subset E for t € (0,1) by

f(t) = limsup — /x(E D [t - e, t + e]).e_o 2e

a. Show that /(£) = 0 or 1 almost everywhere.
b. Show that for any x € [0,1],

fXf(t)dt = /i(Sn[0(I])./o

6. For any z G C \ Z, consider the limit

f (z) = l im ( T —)

a. Show that this limit converges.
b. Show that for z € C \ Z, f(z) = 7rcot(7rz).
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Thursday, October 16, 1997 (Day 3)

1. Express (Z/144Z)* (that is, the group of units in the ring Z/144Z) as a product of
cyclic groups. How many elements of order 4 are there in this group?

2. Let X C R3 be a smooth oriented surface (not necessarily compact), and let g : X —▶ S2
be the Gauss map, assigning to each point p G X the unit normal vector to X at p. We
say that a point p e X 'is parabolic if the differential dg{p) : TPX —♦ Tg(p)S2 is singular.

a. Find an example of a surface X such that every point of X is parabolic. Why can't
such a surface be compact?

b. Suppose now that the locus of parabolic points on X is a smooth curve C, and
suppose that at every point p € C the tangent line TPC C TPX to C coincides with the
kernel of dg(p). Show that C must be planar.

3. Let fi C C be the open set given as

fi = {z G C : \z\ < 2 and \z - 1| > 1}

Find a conformal map of fi onto the unit disc {z : |z| < 1}.

^f*.jl*. •!'•••*• ••*•*•<

'•:•'■: •*•!**'« »C*. i ***** ■ 1

\(J I *. ;I *. •!*. •*•*.• I*.
*.*.*.•.*.-.*.•>.•

Jfy*m jl*.•!<. J I*. jl*. J>. J>. ;>.•>. j >. |l<W
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4. Let X = S2 V RP2 be the wedge of the two-sphere and the real projective plane (that
is, the space X = S2 U RP2/p ~ g obtained from the disjoint union of 52 and RP2 by
identifying a point p€ S2 with a point q G RP2).

a. Find the homology groups of X.
b. What is the universal covering space of XI
c. Find the homotopy groups v\(X) and ^(X).

5. Let C be the space C[0,1] of continuous real-valued functions on the unit interval
[0,1] C R, with the norm ||/||oo = rnaxj-gfo,!] |/(x)|. Let C1 be the space of functions on
[0,1] with continuous first derivative, with the norm ||/|| = ||/||oo + ||/'||oo- Show that the
inclusion of C1 in C is a compact operator.

6. Let M be a compact C°° manifold and / : M —* R a C°° function. For every value a of
/ . le t

be the corresponding level set, and

Ma = ri((-oo,a)).
Assume that for some pair of values a < 0 of /, the differential d/(p) is nonzero for all
p G f-l([a,0}). Show that

a. La is diffeomorphic to L$\ and
b. Ma is diffeomorphic to Mp.

r
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Tuesday, February 25, 1997 (Day 1)

1. Factor the polynomial x3 - x + 1 and find the Galois group of its splitting field if the
ground field is:

a ) R , b ) Q , c ) Z / 2 Z .

2. Let A be the n x n (real or complex) matrix

r
I
r
r
i
i
r
I
r
r

0
1
0

0
1

0 0 0
M/n 1 /n 1 /n

0 \
0

1
1 /n /

Prove that as k —▶ oo, .A* tends to a projection operator P onto a one-dimensional sub-
space. Find ker P and Image P.

3. a. Show that there are infinitely many primes p congruent to 3 mod 4.
b. Show that there are infinitely many primes p congruent to 1 mod 4.

4. a. Let L\, L2 and L3 C P^ be three pairwise skew lines. Describe the locus of fines
L C Pc meeting all three.

b. Now let Li,L2,L3 and L4 C P3- be four pairwise skew lines. Show that if there
are three or more lines L C P^ meeting all four, then there are infinitely many.

5. a. State the Poincare duality and Kunneth theorems for homology with coefficients in
Z (partial credit for coefficients in Q).

b. Find an example of a compact 4-manifold M whose first and third Betti numbers
are not equal, that is, such that Hl(M, Q) and H3(M, Q) do not have the same dimension.
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
Wednesday, February 26, 1997 (Day 2)

1. Define a metric on the unit disc {(x,y) G R2 : x2 + y2 < 1} by the line element

dr2 + r2dd2ds* =
( l - r 2 ) P "

Here (r, 8) are polar coordinates and p is any positive real number.
a. Compute the connection form relative to the orthonormal frame

I
I
I

b. Compute the second fundamental form for the circle r = 1/2.

Ic. For which p is this circle a geodesic?d. Compute the Gaussian curvature of this metric.

_ d r a r d 6
e = t . ^ ^ , e e =

( ! _ r 2 ) p / 2 ' ( ! _ r 2 ) P / 2

2. Let C be the space C[0,1] with the sup norm ||/||<». Let Cl be the space Cx[0,1] with
the norm ||/|| = ||/||oo + ||/'||oo- Prove that the natural inclusion C1 C C is a compact
operator.

3. Let X be a compact Riemann surface, and let / and g be two meromorphic functions
on X. Show that there exists a polynomial P G C[X, Y] such that P(f{z),g{z)) = 0.

4. Let S3 = {(z, w) G C2 : |z|2 + \w\2 = 1}. Let p be a prime and m an integer relatively
prime to p. Let £ be a primitive pth root of unity, and let the group G = Z/pZ act on S3
by (C, (z,w)) -> (Cz.Cmu-). Let M = S3/G.

a. compute 7r,(M) for i = 1, 2 and 3.
b. compute Hi[M,Z) for i = 1, 2 and 3.
c. compute H^M, Z) for t = 1, 2 and 3.
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5. Let d be a square-free integer. Compute the integral closure of Z in Q(y/d). Give an
example where this ring is not an integral domain.

1 6 . P r o v e t h a t
2 ° © ,

sin2 7rz ^ (z — n)n = - o o v 'I

I

I
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Thursday, P_do- A?,*?? (Day 3)

1. Let a : (0,1) -» R3 be any regular arc (that is, a is differentiable and a' is nowhere zero).
Let t(tx), n(u) and b(u) be the unit tangent, normal and binormal vectors to a at a(u).
Consider the normal tube of radius e around a, that is, the surface given parametrically
by

<p(u, v) = a(u) + e cos(v)n(u) + c sin(v)b(u).
a. For what values of e is this an immersion?
b. Assuming that a itself has finite length, find the surface area of the normal tube

of radius e around a.

The answers to both questions should be expressed in terms of the curvature n(u) and
torsion t(u) of a.

2. Recall that a fundamental solution of a linear partial differential operator P on Rn is
a distribution E on Rn such that PE = 6 in the distribution sense, where 6 is the unit
Dirac measure at the origin. Find a fundamental solution E of the Laplacian on R3

i = i »

that is a function of r = \x\ alone. Prove that your fundamental solution indeed satisfies
AE = 6.

Hint: Use the appropriate form of Green's theorem.

3. The group of rotations of the cube in R3 is the symmetric group 54 on four letters.
Consider the action of this group on the set of 8 vertices of the cube, and the corresponding
permutation representation of S4 on C8. Describe the decomposition of this representation
into irreducible representations.

r
•
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4. Suppose air i = i,..., n are positive real numbers with ai + ... + a„ = 1. Prove that
for any nonnegative real numbers Ai,..., An,

n / n \ 2

J>A? > £>At
» = i \ t = i

with equality holding only if Ai = ... = An.

5. a. For which natural numbers n is it the case that every continuous map from P£ to
itself has a fixed point?

b. For which n is it the case that every continuous map from P£ to itself has a fixed
point?

6. Fermat proved that the number 237 - 1 = 137438953471 was composite by finding a
small prime factor p. Suppose you know that 200 < p < 300. What is p?
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Tuesday, October 15, 1996 (Day 1)

1. Find the homotopy groups 7Tfc(CPn) of complex projective n-space
a) for k < 2n + 1; and
b) for k = 2n + 2.

2. Consider the Banaeh space X = C[a, b] of continuous functions on the interval [a, b] C R
with the supremum norm || • ||sup. Let K be a continuous function on [a,b] x [a,6], and
define an integral operator T : X -a X by

(T/)(x)= / K(x,y)f(y)dy.
Ja

Prove that T is an operator norm limit of operators of finite rank. (The operator S is of
finite rank iff dim(Im(5))< oo.)

3. Are the following pairs of domains conformally equivalent? Prove your answer in each
case.

a) The complex plane C and the disc D = {z G C : |z| < 1}.
b) The punctured complex plane C* = {z G C : 0 < |z|} and the punctured disc

D' = {z G C : 0 < |z| < 1}.
c) The complex plane with a closed disc removed (that is,X = {zGC:l<|z|}) and

the punctured disc D* = {z G C : 0 < |z| < 1}.

4. Let p be a prime and let G be the group Z/p2Z © Z/p2Z.
a) How many subgroups of order p does G have?
b) How many subgroups of order p2 does G have?



V
5. The unitary group U(n) is the multiplicative Lie group ofnxn complex matrices A
such that AA = I (A is the transpose of the complex conjugate of A, and I is the n x n

I i d e n t i t y m a t r i x ) ,a) What is the dimension of U(n) as a real manifold?
b) Let X = {A e U(n) \ A2 = I}. How many connected components does X have?

•» c) What is the dimension of each connected component of XI

i
I
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6. a) Define the Gaussian curvature K(p) and the mean curvature H(p) of a surface
S C R3 at a point p € 5.

b) Let i k> (x(£),y(<)) be a curve in the upper half plane parametrized by arc length
(that is, such that y > 0 and x'2 + y12 = 1), and consider its surface of revolution,
parametrized by

(t.0) h* (x(t),j,(t)cos0,y(*)sin0).
Find H and K of this surface.
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Wednesday, October 16, 1996 (Day 2)

1. Let X = S \ {p} be a two-holed torus with one point removed. How many connected
covering spaces of degree 2 does X have?

r. 2. Let (X,T,n) be a measure space with n(X) < oo. Let p > 1 and let (/„)n>i be an£p-bounded sequence. Assume fn -a 0 in measure, that is,

i n-»oo
Ve>0 _lim p.(|/n|>e) = 0.

Show that fn -> 0 in £}.

3. Evaluate
* « .

I
' i o ( 1 + 0

I 4. Let /c be a field of characteristic p > 0..
a) Show that the function F(x) = xp induces an injective field homomorphism F :

k -¥ k.
b) Assume that F : k —¥ k is surjective, and let f(x) be an irreducible polynomial in

k[x]. Let E be an extension field of k, and a an element of E. Show that (x - a)2 does
not divide f(x) in E[x].

c) Assume again that F : fc —> k is surjective, and that £" is a field extension of finite
degree over k. Show that F : E -t E is also surjective.
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5. Let M C R^ be an n-dimensional submanifold of JV-dimensional Euclidean space, and
let 7 : [o, 6] -a M C R* be a C°° arc of finite length on M. We will say that 7 is a
geodesic on M if it is a critical point for the length function; that is, if for any C°° map
T : (-c, c) x [a, 6] -> M with T(0,t) = 7(i) for all t and T(A, a) = 7(a) and T(A, 6) = 7(6)
for all A, the length function

Z(A) = length(7A = T(A, t): [a, 6] -A M)

has derivative zero at A = 0.
Assume that ||^|| = 1. Prove that 7 is a geodesic iff

dt*

is normal to M at 7(i) for all t.

6. Define a sequence of complex numbers by

Evaluate the limit

Hint: consider the function f(z) = Y^Lo a*z

* — 1 „ _ a " ~ l , a n - 2 , , a 0a 0 = 1 , a n = — 1 - 1 1 .1 2 n

l im^±i
n-^oo an

— V^00 n ~n
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Thursday, October 17, 1996 (Day 3)

1. Let T = D2 x S1 be a solid torus, and let S C T be a submanifold homeomorphic to
S1 and such that the generator of 7Ti(S) is n times the generator of K\{T). For example,
in terms of coordinates (z, 0) on T = D2 x S1, you could take the image of the arc

e%4>
< t > *■ * ( " T - , n ^ ) , 0 < < p < 2 t t

Let AT = T \ S be the complement of S in T.
a) Find the Euler characteristic x(Af).
b) Find the homology groups H{(X, Z).

2. Recall that the Fourier transform of a function <p(t) is defined to be the function

<p{u) = f e-itu<p(t) dt.J r

a) Find the Fourier transform (p of the function (p(t) = l/(t2 + 1).
b) Let g : R —▶ R be a Schwartz class function (that is, g is C°° and all of the

derivatives of g decay at infinity faster than the reciprocal of any polynomial). Consider
the differential equation

( 1 ) f ( t ) - f " ( t ) = g ( t ) .

Find a solution to (1) of the form

f ( 2 ) f o ( t ) = f K ( t , u ) g ( u ) d u ,Ju€R

I
i€R

and describe the general solution of (1).

3. Find a pair of integers (x, y) with y ± 0 satisfying the equation

x2 - 17y2 = 1.
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4. Let /(z) be a holomorphic function on the unit disc D - {z € C : \z\ < 1}, such that

|/(z)| < 1 for all zeD
and

Show that
f{\) = fi-±) = 0.

1/(0)1 < i.

}W Jr a fimte-dimensional vector space over a field k, and assume that char k ± 2and that dim V > 3 Let /\2V be the exterior square of V, that is, the ^-vector space
spanned by vectors of the form v A w for v, w G V, subject to the relations (a € k):

vAw = -(wAv), (av)Aw = a(vAw), (Vl + ya) A w = (Vl A w) + (va A w).

Let T : V -▶ V be a linear transformation. T gives rise to a linear transformation

T2 : A2V -x A2V
defined by

r2(vAw) = (rv)A(Tw).
bhow that if T2 is multiphcation by a/scalar then so is T. Is this result true if dim V = 2?

6 Let d be any integer and K any algebraically closed field. Recall that the set of
plane curves C C P* of degree d is parametrized by the projective space P# of nonzero
homogeneous polynomials F G K[X, Y, Z] of degree d modulo scalars (N = (df) - 1)

a) Let A cPK be the subset corresponding to singular curves. Show that for d > 2
A i s a h y p e r s u r f a c e i n P $ . - '

b) Let F and G G K[X, Y, Z) be linearly independent homogeneous polynomials of

thfnt > 7^ f*? ' = [<0'<l] G P*' Set F< = ^ + hG and let Q c P2K be
the^lane curve defined by the polynomial Ft. Show that for some t G P>K the curve Ct is

.C'C: . " K r » ' t f 6 v- o^s^ctuu/ '̂s*- 2c, *

r



-

r

i

!

r.

r
i
r

I

QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Tuesday, March 12 (Day 1)

1. Let X be a compact n-dimensional differentiable manifold, and Y C X a closed sub-
manifold of dimension m. Show that the Euler characteristic x(.X \ Y) °f && complement
of Y in X is given by

X(X\Y) = X(X) + (-l)n-m-lx(Y).

Does the same result hold if we do not assume that X is compact, but only that the Euler
characteristics of X and Y are finite?

2. Prove that the infinite sum

v - v 1 1 1 1
> - = 7 7 + 0 + 7 + - - -X - * > r > 2 3 5p 2 3 5p prime

diverges.

3. Let h{x) be a C°° function on the real line R. Find a C°° function u{x, y) on an open
subset of E2 containing the x-axis such that

d u „ d u1- 2— = ud x d y
2

and u(x,0) = h(x).

4. a) Let AT be a field, and let L =- K(a) be a finite Galois extension of K. Assume that
the Galois group of L over K is cyclic, generated by an automorphism sending a to a + 1.
Prove that K has characteristic p > 0 and that qp - a G K.

b) Conversely, prove that if K is of characteristic p, then every Galois extension L/K
of degree p arises in this way. (Hint: show that there exists fi G L with trace 1, and
construct o out of the various conjugates of 0.)
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5. For small positive a, compute

f f ° ° x a d xJo x2 + X + 1'
For what values of a G R does the integral actually converge?
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6. Let M e Mn(C]I be a complex n x n matrix such that M is similar to its complex
conjugate M; i.e., there exists g e CA,(C) such that 3? = sMp->. Prove that M is
similar to a real matrix M0 e .M„(R).
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Wednesday, March 13 (Day 2)

L EL. . MAR 1996

1. Prove the Brouwer fixed point theorem: that any continuous map from the closed n-disc
Dn C Rn to itself has a fixed point.

2. Find a harmonic function / on the right half-plane {z G C | Re z > 0} satisfying

hm /(x + ty) = < . ,r * n •x - » o + 1 - 1 i f y < 0

I
r

r

l
I 4. Let V be a vector space of dimension n over a finite field with q elements.

a) Find the number of one-dimensional subspaces of V.
b) For any k : 1 < k < n — l/'find the number of fc-dimensional subspaces of V.

5. Let K be a field of characteristic 0. Let PN be the projective space of homogeneous
polynomials F{X,Y, Z) of degree d modulo scalars (N = d(d+ 3)/2). Let W C P^ be the
subset of polynomials F of the form

3. Let n be any integer. Show that any odd prime p dividing n2 + 1 is congruent to 1
(mod 4).

F(X,Y,Z) = J[Li{X,Y,Z)
t = i

for some collection of linear forms L\,... ,Ld-
Iror some collection oi unear rorms ju\,. .. ,.w.a. Show that W is a closed subvariety of PN.

b. What is the dimension of W1
c. Find the degree of W in case d = 2 and in case d = 3.
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6. a. Suppose that M — Rn+1 is an embedding of an n-dimensional Riemannian manifold
(i.e., M is a hypersurface). Define the second fundamental form of M.

b. Show that if M C Rn+1 is a compact hypersurface, its second fundamental form
is positive definite (or negative definite, depending on your choice of normal vector) at at
least one point of M.



r

r
r

r

r
r

p

r
r
r
r
r

r

QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Thursday, March 14 (Day 3)

1. In R3, let 5, L and M be the circle and fines

S={(x,y,z):x2 + y2 = l; z = 0}
Z, = {(x,y,z):x = y = 0)

M = {(x,y,z):x = -; y = 0}

respectively.
a. Compute the homology groups of the complement R3\(5Ul).
b. Compute the homology groups of the complement R3 \ (5 U L U M).

2. Let L,M,N C P^ be any three pairwise disjoint lines in complex projective threespace.
Show that there is a unique quadric surface Q C -% containing all three.

3. Let G be a compact Lie group, and let p : G —▶ GL(V) be a representation of G on a
finite-dimensional R-vector space V.

a) Define the dual representation p* : G —+ GL(V*) of V.
b) Show that the two representations V and V* of G are isomorphic.
c) Consider the action of SO(n) on the unit sphere 5*1-1 C Rn, and the corresponding

representation of SO(n) on the vector space V of C°° R-valued functions on 571-1. Show
that each nonzero irreducible 50(n)-subrepresentation W C V of V has a nonzero vector
fixed by SO(n — 1), where we view SO(n — 1) as the subgroup of SO(n) fixing the vector
(0,...,0,1).

4. Show that if K is a finite extension field of Q, and A is the integral closure of Z in
K, then A is a free Z-module of rank [K : Q] (the degree of the field extension). (Hint:
sandwich A between two free Z-modules of the same rank.)



5. Let n be a nonnegative integer. Show that

0 < f c < J V V

(Hint: Use a generating function.)

' 1 if n = 0 (mod 3)
-1 if n = 1 (mod 3)

k 0 if n = 2 (mod 3)

6. Suppose K is integrable on Rn and for e > 0 define

Kt{x) = <TnK{-).

Suppose that /RB K=l.
a. Show that JRn K( = 1 and that J \K€\ - 0 as c - 0.
b. Suppose / G iP(R») and for e > 0 let /, g ZP(R») be the convolution

/«(*) = / f (y)K((x-y)dy.
Jyeu*

Show that for 1 < p < oo we have

ll/« - /||p - 0 as e - 0.

£- isTe^in^^)1 " " < °° ^ ^^ °f Sm°0th C™^«y ~PP«ted functions on

- i -
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Tuesday, October 24, 1995 (Day 1)

1. Let K be a field of characteristic 0.
a. Find three nonconstant polynomials x(t),y(£),z(t) G K[t] such that

x2 + y2 = z2

b. Now let n be any integer, n > 3. Show that there do not exist three nonconstant
polynomials x(t),y(£),z(t) G K[t] such that

xn + yn = zn.

2. For any integers k and n with 1 < k < n, let

5" - {(*!,...,xn+1) : x2 + ... + x2+1 = l} C R"+1

be the n-sphere, and let Dk C Rn+1 be the closed disc

Dk - {(xi,...,xn+i) : xl + ... + x2k<l;xk+1 = ... = xn+1=0} C Rn+1.

Let Xk>n = S71 U Dk be their union. Calculate the cohomology ring H*(Xk,n,Z).

3. Let / : R2 -• R be any C°° map such that

d2lxd2i = -
dx2 + dy2 ~

Show that if / is not surjective then it is constant.

4. Let G be a finite group, and let a, r G G be two elements selected at random from G
(with the uniform distribution). In terms of the order of G and the number of conjugacy
classes of G, what is the probability that a and r commute? What is the probability if G
is the symmetric group 5s on 5 letters?

I
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5. Let fi C C be the region given by

fi = {z : \z - 1\ < 1 and \z-i\< 1}.

Find a conformal map / : fi —♦ A of fi onto the unit disc A = {z : |z| < 1}.

6. Find the degree and the Galois group of the splitting fields over Q of the following
polynomials:

a. x6 - 2
b. x6 + 3
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Wednesday, October 25, 1995 (Day 2)

1. Find the ring A of integers in the real quadratic number field K = Q(VE). What is the
structure of the group of units in A? For which prime numbers p G Z is the ideal pA C A
prime?

2. Let U C R2 be an open set.
a. Define a Riemannian metric on U.
b. In terms of your definition, define the distance between two points p,q eU.
c. Let A = {(x,y) : x2 -1- y2 < 1} be the open unit disc in R2, and consider the metric

on A given by
2 dx2 + dy2a $ ~ ( l - x 2 - ^ ) 2 '

Show that A is complete with respect to this metric.

3. Let A" be a field of characteristic 0. Let PN be the projective space of homogeneous
polynomials F(X, Y, Z) of degree d modulo scalars (N = d(d+ 3)/2). Let U be the subset
of PN of polynomials F whose zero loci are smooth plane curves C C P2 of degree d, and
let V c PN be the complement of U in PN.

a. Show that V is a closed subvariety of P .
b. Show that V C P^ is a hypersurface.
c. Find the degree of V in case d = 2.
d. Find the degree of V for general d.

4. Let Pr be real projective n-space.
a. Calculate the cohomology ring H*(P^,Z/2Z).
b. Show that for m > n there does not exist an antipodal map / : S™ —» S71, that is,

a continuous map carrying antipodal points to antipodal points.

r
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5. Let V be any continuous nonnegative function on R, and let H : £2(R) —▶ L2(R) be
denned by

H<J) - T0 + v-/-
a. Show that the eigenvalues of H are all nonnegative.
b. Suppose now that V(x) = \x2 and / is an eigenfunction for H. Show that the

Fourier transform
/(!/) = r e-isvf{*)dx

J—CO

is also an eigenfunction for H.

6. Find the Laurent expansion of the function

1m = z(z+ l )

valid in the annulus 1 < |z — 11 < 2.



r

QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
Thursday, October 26, 1995 (Day 3)

1. Evaluate the integral

IOO sinx ,dx.

2. Let p be an odd prime, and let V be a vector space of dimension n over the field Fp
with p elements.

a. Give the definition of a nondegenerate quadratic form Q : V —▶ Fp
b. Show that for any such form Q there is an c G Fp and a linear isomorphism

<t> :V —> Fp1
V I ▶ ( X i , . . . , X n )

such that Q is given by the formula

Q(xi,x2,...,xn) = x\ + x\ + ... + x2_j + ex2

c. In what sense is c determined by Q1

3. Let G be a finite group. Define the group ring R = C[G] of G. What is the center of
RI How does this relate to the number of irreducible representations of G? Explain.

4. Let <f> : Rn —▶ Rn be any isometry, that is, a map such that the euclidean distance
between any two points x, y G Rn is equal to the distance between their images #(x), <f>(y).
Show that <p is affine linear, that is, there exists a vector b G Rn and an orthogonal matrix
A G 0[n) such that for all x G Rn,

(p(x) = Ax + b.



5. Let G be a finite group, H C G a proper subgroup. Show that the union of the
conjugates of H in G is not all of G, that is,

G * |J gHg-K
g€G

Give a counterexample to this assertion with G a compact Lie group.

6. Show that the sphere 52n is not the underlying topological space of any Lie group.
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

I D e p a r t m e n t o f M a t h e m a t i c sMsrrli 1 K 1 QQS rn»v 1 ^
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March 15, 1995 (Day 1)

1. Describe the structure of the group of automorphisms of a cyclic group of order 600.

2.

a) Find the Fourier series for the periodic function given by

f { t ) = t f o r - 7 T < t < i t

/(2tt +1) = f(t) for all t .

b) Deduce from this series the value of

_ , 1 1 11 + 22- + 3^ + ? + "- •

3. Let / be a holomorphic function on a domain containing the closed disc {z : |z| < 3},

such that

| / ( I ) = / ( 0 = / ( - i ) = / ( - • ' ) = o .
Show that

|/(0)| < 1 max|/(z)|.
Ol) |i| = 3

Find all such functions / for which equality holds in this inequality.

(continued other side)
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Day 1, 2/21/95

4. Describe the geodesies on the upper half plane relative to the metric

,2 dx2 + dy2a s = - .
V2

I
I
I
I
r

for all z G C. Show that / and g are constant. Would the same conclusion be valid if

/ and g were assumed to be entire meromorphic functions?

5. Let / and g be entire holomorphic functions satisfying the identity

/(z)2 = g(zf - 1

Hint: think about the algebraic curve y = x — 1

6. Let Y be a metric space.

a) Show that every open covering of Y has a finite subcovering if and only if every
infinite sequence in Y has a convergent subsequence.

b) Is this true in general (i.e., non-metric) topological spaces? If not, give a counter
example.
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Q U A L I F Y I N G E X A M I N AT I O N

r H a r v a r d U n i v e r s i t yDepartment of Mathematics
March 16, 1995 (Day 2)

P

1.) Prove the Banaeh fixed point theorem:
If (M, d) is a complete metric space, / : M -+ M, and there exists aO<Jt<l such

that

d(f(x)J(y))<kd(x.y).
Then / has a unique fixed point.

What can we say if we assume only that

d(f(x)J(y)) < d(x,y) V* # y?

r

r
r 2.

a) Let / : X —+ Y be a surjective algebraic map of two smooth projective curves
over C. What is the relation between the genus of X and Y and the branching

o f / .

b) Show that the curve x3 -(- y3 + z3 = 0 in CP2 is homeomorphic to a torus by

explicitly constructing a projection to CP1 and using part a).

r

r

3. Let A4 be the standard 4-simplex:

A4= <(x0,x1,X2,X3,x4)GR5|x i>0Vi , ^x , = l l .
I i = o J

Let X be its 2-skeleton:

X = {(xo,Xi,X2,X3,X4) G A4|x,j as xj = 0 for some 0 < t < j < 4} .

Compute 7Ti(x) and ^(Af).

(continued other side)
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Day 2, 2/22/95

j j£
4. Suppose / : R —* R is infinitely differentiableand satisfies

n-*ptr n\
= 0 a n d / ( n ) ( 0 ) = 0

for all x € R andall n > 1. Prove / is constant.

5. Let 6 be a complex root of the equation

x3 - 3x + 3 = 0.

a) Prove that the additive group of the ring 2[0] is finitely generated. Is it a free
Z-module?

b) Prove that the additive group of the ring Z[0-1] is not finitely generated.

6. Find a conformal map of the slit unit disc

{z:0<|z|<l, 0 < arg z < 2?r}

to the unit disc {w : \w\ < 1}.

P

P

r



Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
March 17,1995 (Day 3)

r
-

1. Find a homogeneous linear differential equation of order two of which y = ex and

y = x + x2 are two independent solutions.

2. Compute:

/ '
(logx)2dx
( i+ *2 ) '

p

r

r

3 .

a) Let f(t) = amtm -\ + ao and g(t) = bntn + 1- &o be polynomials of degree
m and n with coefficients in a field F. Show that / and g have a common factor

if and only if the determinant of the (m + n) x (m + n) matrix below vanishes:

/ao
0

det

a i
ao

0 0 •
b0 b i
0 6 0 6 i

V 0 0 •

am 0 0 • 0
O m - l am 0 * • 0

a0 a i a2 . • a„
6 „ - i 6n 0 • 0
6n-2 6 „ - i fen 0 • 0

\

6 ] 6 2

= 0.

bnJ

b) Do this for a pair of polynomials with coefficients in an integral domain R.
c) Let /(x, y) and o(x, y) be polynomials in two variables over C, having no common

factors. Show that / and g have at most a finite number of common zeroes.

(continued other side)
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Day 3, 2/23/95

4. Construct a noncommutative group of order 8, and compute its character table.

5. Let S2 be the 2-sphere, T = S1 the torus, and Z the compact orientable surface of

genus 2.

a) Does there exist a continuous map f : S2 —*T not nomotopic to a constant?

b) Does there exist a continuous map / : S2 —♦ Z not homotopic to a constant?

c) Does there exist a continuous map / : T —▶ Z not homotopic to a constant?

Justify your answers.

6. Let X C Pn be an ^-dimensional projective variety. Denote by G the Grassmannian

G(k,n) of fc-planes in P", and let Z C G be the subset of Jt-planes meeting X, i.e.,

Z = {AGG: AnX#0} .

a). Show that Z is a closed subvariety of G.

b). What is the dimension of Z?

c). Show that Z is irreducible if and only if X is.

d). In case X is simply a linear subspace of Pn, what is the singular locus of Z?
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
October 11,1994 (Day 1)

1. Let V C W be complex vector spaces of dimensions k and n respectively, and PV C
PW the corresponding projective spaces of one-dimensional subspaces of V and TV.
Find the cohomology ring H*(X,2) of the complement X = PW \ PV.

2. Let K be an algebraically closed field of characteristic p > 0, and let o = pA

a). Show that the solutions of the equation z9 = z form a subfield F C K.
b). How many solutions of the equation

x2-y2 = l

are there with x,y G Fl (Be careful to distinguish the case p = 2.)

3. Let C°([0,1]) be the Banaeh space of continuous functions on [0,1] with norm

\\f-g\\= sup |/(x)-c(x)|.
*€[0,1]

Let K: [0,1] x [0,1] — R obey

sup(|A'|(x,y)+||;ii:|(x,y))<10.

I
I
I

Define H : C°([0,1]) - C°([0,H) by

1 ( F / ) ( x ) = j T 1 i C ( x , y ) / ( y ) d y .

1(a) Prove that if is a bounded operator,(b) Let {/<}£, C C°([0,1]) be a bounded sequence. Prove that {Hfi}^ has a
convergent subsequence.

Continued other side
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4. Give examples of

1) An integral domain R which is not integrally closed in its quotient field K, and
its integral closure R in K.

2) An Artinian local ring of length n, for any n > 1 in Z.
3) Two non-zero Z-modules M and N, with M ® iV = 0.
4) A discrete valuation ring with quotient field Q.

I
5. Show, by the method of residues, that

r 2 " d 6 _ 2 i r
J0 a + ban6 ™ Va2-^2'

4 E v a l u a t e .

r
p

p

p

r
r

a > 6 > 0.

J o *

6. a). Show that a compact, connected complex Lie group is abelian.

b). Describe such groups.

P



QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
October 12, 1994 (Day 2)

r

1
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p

p

p

r
r
p

1. Let Z/nZ be the cyclic group of order n > 1. ,-r / _ «

/a) Show^e^utomor^ism^^ X = Aut(Z/nZ) is abelian, and determine its
structure.

•o) What is the order of the automorphism group^t^fmitl group G = Z/I© Z/sf
Is the group Aut(G) abelian? k^fe^jC.-g—^^,

2. Let / be a continuous complex valued function on R/Z with Fourier expansion

f(x) = J2a»e2vins'
/a) Given an integral formula for the Fourier coefficients an.
*) If / has p continuous derivatives, show that for n + 0, |«B| < jSJL, where C, is a

constant depending on /.

3. Let S C R3 be a smooth surface.

Ka) Define the Gaussian curvature of 5 at a point p e S.
*) Show that if 5 is compact, then it contains a point p of positive Gaussian curvature.

/
V/- Let 5n be the symmetric group on n letters, and let an be the number of elements of

Sn having at least one fixed point. What is the limit of the ratio an/n! as n - oo?

^ Continued other side



12, 1994 Day 2

Let G be a finitely presented group.

\J \&) Show that there is a topological space X with fundamental group ^i(X) = G.
A H5) Give an example of X in case G -= Z * Z is the free group on two generators

k) How many connected, 2-sheeted covering spaces of X are there?

:
i■

■

j

-

1

6. Let V be an n-dimensional complex vector space, and let W — Sym V" be the vector

space of symmetric bilinear forms on V. Let Wk C W be the subset of forms of rank
at most k.

/'a) Show that Wk is an irreducible algebraic variety,
l/b) What is the dimension of W*?
i/c) What is the singular locus of Wk1

~-£-*-n--*)l

u
II

\*x
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
October 13, 1994 (Day 3)

1. Let f(x) be an irreducible polynomial of degree 3 over Q, which has precisely
one real

root.

^) Show that the splitting field K of /(x) is a Galois extension, with G^K/q)

isomorphic to the symmetric group on 3 letters,
"b) How many extensions L of Q of degree 3 are contained in K? Are any of these

fields normal over Q? J /]A0

, /c ) K^^2 ,anda3are the3rootso f / (x ) inA 'and^ = (a1-a2Xa2-a3Xa1-a3) ,
show that 02 lies in Q, but Q(£) is a quadratic extension of Q.

fo. Find a differentiable function /(x) satisfying the differential
equation

d2

such that /(0) = 0 and /'(0) = 1

^2-+4^+4/(x) = 0

3. It is a classical fact that a smooth cubic surface in projective space P3 (over an

algebraically closed field) contains 27 fines. Show that by contrast a general quartic
surface 5 C P3 contains no lines.

;

Continued other side
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Day 3

*• Let PJf be projective space of dimension m over the real numbers R. Describe the

c o h o m o l o g y r i n g J ? - ( P f x p . j Z ) ; M , n e

?» P ^ g °f aCOnmiltatiTe fidd *• - k' ' be a proper prime idealof R. Put 5 = X - P. Show that the ring Rs of fractions with denominators in

S has

domain

a um,ue maximal idea. M. How is the field RS,M related to the integral

6 . A s s u m e t h a t / ( l ) i s m a i v t i c t a t h e ^ „ < , „ < p _ ^ ^ ^ ^ ^ ^

2n6C such that

n£Z
uniformly in each closed annulus e < |x| < r - e. In terms of the coefficients «.,

"a) When does / have an essential singularity at z = 0?

*>) When does / have a pole of order N > 1 at z = 0?

Ac) When does / have a removable singularity at z = 0?

/d) When is / the derivative of a function *(z) in the region 0 < \z\ < r. ^ ~
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Spring 1994 Qualifying Examination — Day 1
Department of Mathematics

Harvard University

(1) Let Xg be a Riemann surface of genus g = 0,1,
(a) Describe the universal cover of X9.
(b) List the homotopy classes of maps from S7 into Xt.
(c) List the homotopy classes of maps from X, into S3.

(2) Let G be a group.
(a) Define the group A — Aut(G) and show that there is a group homomor-

phism G —♦ A whose kernel is the center of G.
(b) If |A| = 1, show that |G| < 2.

(3) Suppose c,- and A,- (1 < t < n) are positive real numbers, and that £ a,- = 1.
Prove that

5>A3>(£a,-A,-) ,
with equality iff Ai = ... = An.

(4) Find complex numbers a„ and bn(n t Z) such that

~ t r = E ( ; ^ + Wn=-oo

with uniform and absolute convergence on compact subsets of C — Zx. Use
this series to compute Y%LX ^r- (Hint: one of the many possibilities is to use
the residue theorem and as n -» co consider the integral of ggS over the
square Cn with side equal to (2n + 1)t centered at the origin, where f{z) is
an appropriate function constructed from cot z.)

(5) Prove (a simple version of) the Whitney embedding theorem, saying that every
compact smooth n-dimensional manifold M can be embedded in R3n+1, by
first showing that M can be embedded in R* for some large number N and
then by iteratively reducing the necessary value of N.

(6) (a) What is the dimension of the projective space PN of non-zero homoge
neous polynomials of degree a* in 3 variables, modulo scalars?

(b) Show that the subset of polynomials F{X,Y, Z) such that the zero locus
V(F) C P3 of F is not a smooth plane curve of degree d is an algebraic
subvariety of PN.

GOOD LUCK!
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Spring 1994 Qualifying Examination — Day 2
Department of Mathematics

Harvard University

(1) (a) Let E be an arbitrary vector bundle on the n-dimensional simplex An.
Show (from basic principles) that E is trivial,

(b) Let E be an (n + l)-dimensional vector bundle over S". Show that E
admits a nowhere vanishing cross-section.

(2) Let it be a field and let f(x) be a polynomial in Jb[x]. Let I be the ideal
generated by f(x) and let A = k[x]/I.

(a) When is A a field?
(b) When is A isomorphic to a product of fields?
(c) If k — Z/pZ (with p a prime) and /(x) = x^ — x, show that A is

isomorphic to a product of fields. Which fields occur and with what
multiplicity?

(3) (a) Define the Fourier transform / of an integrable function / : R —» C.
(b) Show that the Fourier transform of the function f(x) — c"*3'2 is propor

tional to that function itself.
(4) (a) Estimate the asymptotic behavior of a typical solution of the differential

equation
- V + ty' + (3*3 - 4)y = 0 (©)

near 1 = 0. (Notice that t — 0 is a regular singular point of @)).
(b) Notice, however, that on a codimension 1 subspace of the space of solu

tions of©, the asymptotic behavior is different. What is the asymptotic
behavior of a non-zero solution belonging to this exceptional subspace?

(5) Let p € Rn be a non-degenerate critical point of a smooth function / : R" —»
R, and let S be some very small sphere around p. Compute the degree of the
normalized gradient map g : S —▶ S""1 defined by

|V/(x)|
in terms of some higher derivatives of / at p.

(6) Let Pn denote the n-dimensional projective space over some arbitrary ground
field.

(a) Define the Segre map a : P" x Pm -> p™"+»+"\
(b) Show that if n = m = 1, the image of a is a smooth quadric (surface of

degree 2) in P3.

GOOD LUCK!
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Spring 1994 Qualifying Examination — Day 3
Department of Mathematics

Harvard University

(1) Let C be a finite complex of finite dimensional vector spaces,
C : 0 — Cn -> Cn_a -v ... — C, -v Co -> 0,

and let #, denote the tth homology of C.
(a) Define 'an endomorphism of C
(b) Let g : C —» C be an endomorphism of C. Prove that

E(-l)'tryk=i:(-l)*'tryk-.
« = 0 i = 0

(2) Find all natural numbers n > 1 such that c2l"'/n G C lies in the field Q(i) = {a + bi
a ,6GQ} .

(3) Compute the integral
x l / 3rJo

rdx.
Jo 1 + X2

(4) Let (ei,e2) be a basis for C over R.
(a) If / : C —▶ C is an entire function which satisfies /(z + ex) = /(z + e2) = /(z) for

all z G C, show that / is constant.
(b) Construct an example of a meromorphic non-constant function / : C —▶ CP1 which

satisfies /(z + ei) = /(z + e2) = /(z) for all z G C.
(5) Let u> be closed non-degenerate 2-form on some smooth 2n-dimensional manifold M.

(a) Let a function / : M —▶ R be smooth. Show that there exists a unique vector field
X] on M such that i{Xj)t*> = —df, where i{Xj) denotes interior multiplication by
xf.

(b) Assume that for some function / : M —*■ R the corresponding vector field X/
integrates to a flow exp tX/. Show that the resulting flow preserves the volume form
U3n/n\ corresponding to u; i.e., show that

(«,«>r(^)-^.
(c) A flow exptXj generated as above is called "a Hamiltonian flow", and the function

/ generating it is called "the Hamiltonian function". Let S2 be the unit sphere in
R3, and let u; be the standard volume form of S2. Is rotation around the z-axis a
Hamiltonian flow? If so, what is the corresponding Hamiltonian function?

(6) What is the dimension of the space of holomorphic forms on the Fermat curve
C = {XN + YN + ZN = 0} C P2 ?

Bonus: How many rational points are there on C for N > 3?

GOOD LUCK!
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Fall 1993 Qualifying Examination — Day 1

Department of Mathematics
Harvard University

(1) Let Y be the space obtained from a triangle by identifying its sides in the
following manner:

all sides identified
to each other

(a) Compute (and justify your computation) the fundamental group of Y.
(b) Describe the universal cover Y of Y in as simple terms as possible.
(c) Compute (and justify your computation) ^{Y).

(2) Let I and J be defined by the definite integrals

(a) Show that

r ° < 7 < J = ^ -630
(b) Evaluate / in closed form.

E ( c ) W h a t c l a s s i c a l i n e q u a l i t y f o l l o w s ?(3) Define "orientable manifold" and prove that all Lie groups are orientable.
(4) Find with proof all rings A (commutative or not) for which G = A — {0} is

a finite group with A's multiplication as the group law, and determine the
structure of all groups G which occur in this way.

(5) Let k be a field. Define the general linear group GL(n,k). What is the center
of GL[n, Jfc)? Let PGL{n, k) be the quotient of GL{n, k) by its center.
Define projective space Pn-1(it) of dimension (n - 1) over k, and show that
the group PGL(n, k) acts 2-transitively on this space. Show that the action
is triply transitive when n = 2.

(6) Prove the Schwarz lemma, saying that if D is the open unit disk in the complex
plane and / is a holomorphic function on D such that /(0) = 0 and |/(z)| < 1
for all z G D, then |/(z)| < \z\ for all z € D, |/'(0)| < 1, and if one of these
inequalities is an equality then f(z) = e,Bz for some 6 G [0,2tt).

GOOD LUCK!

< /
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Fall 1993 Qualifying Examination — Day 2
Department of Mathematics

Harvard University

(1) Let S2 be the two dimensional sphere, and let M be the space of smooth
closed curves in S7 (a curve has to have non-zero velocity everywhere; self-

I intersections are allowed). To put a topology on M, parametrize all curves bynormalized arc-length, then use C°° topology. How many connected compo
nents does M have?

(2) In an experiment performed last week in the Harvard University Mathematical
Laboratories, one end of a metallic string of length 2?r was held in ice and its
other end was held in boiling water for a long time, until a stable equilibrium
was achieved. Then the string was removed from the ice and the water, was
bent to form a circle (and its two ends were thus in contact), and was put on
a table made of a heat-insulating material.

(a) If x measures the distance to the (initially) iced end of the string and
t measures time, write the boundary conditions for the heat equation
v» " Uxz which describe the above situation.

(b) Solve the equations you just got.
(c) At time t — 20, the string will have an almost constant temperature.

What will this temperature be? Estimate the difference between the

tactua l temperature o f the s t r ing a t t ime t = 20 and the constant youjust found.
(3) A smooth vector field V on the three dimensional Euclidean space R3 is given

y d t 9 d

f where a, b, and c are smooth functions on R3. Determine (in terms of a, b,c, and their derivatives) when is the distribution P of planes orthogonal to V
integrable.

cont.
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(4) Recall that two matrices A and B with entries in some field F are called
similar over F if there exists invertible matrices M and N with entries in F
for which B = MAN. Prove that two rational matrices which are similar over
the complex numbers are similar over the rationals.

(5) Let F[XtY,Z) be a homogeneous cubic polynomial, and let C be the cu
bic curve (F — 0) in the projective plane; assume that C is smooth. Let
H(X, Y, Z) be the Hessian of F, that is, the determinant of the 3x3 matrix
of second partial derivatives of F. Show that a point P on C is a zero of H if
and only if there is a line in the plane meeting C only at P.

(6) Find a conformal bijection between the semi-infinite strip
D = {z G C : Re(z) > 0, |Im(z)| < */2}

outlined below and the unit disk in the complex plane.

r
P

P

I
r
I
r

GOOD LUCK!
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Fall 1993 Qualifying Examination — Day 3
Department of Mathematics

Harvard University

(1) (a) Compute the homology of the complement of an embedded circle in R3.
(b) Do the same for a pair of disjoint embedded circles. Exhibit generators.
(c) Compute the homology of the complement of an embedded circle in R4,

and show that the fundamental group of this complement is trivial.
(2) If {/„ : [0,1] -* R} is a sequence of continuous functions,

/ i ( x ) > / j ( x ) > / 3 ( x ) > . . . > 0
for all x G [0,1], and /n(x) tends to 0 pointwise, is the convergence necessarily
uniform? (Prove or give a counterexample).

(3) (a) Define the degree of a smooth map 4>: M —» N, where both M and N
are both compact orientable ^-dimensional manifolds,

(b) Compute the degree of the self-map g ■-> gq defined on the group SU{2).
q here is an arbitrary integer.

(4) Let k be the field Q[x]/x3 — x2 — 4x — 1, whose discriminant dk is equal to
169.

(a) Show that the extension k/Q is normal, is totally real, and has Galois
group Z/3Z.

(b) Show that any two different roots of x3 — x2 — 4x — 1 generate a subgroup
of finite index of the group of units of k.

(5) Define a hyperelliptic curve of genus g > 1. Prove that every curve of genus 2
is hyperelliptic, but not all curves of genus 3 are.

(6) The nth Catalan number Cn is the number of possible products of n generators
in a free non-associative algebra. For example, Ci = 1, C2 = 1, C3 = 2, and
C4 = 5, with the last equality because the possible products of a,b,c,d are
{a(b(cd)), a((bc)d), (a(bc))d, ((ab)c)d, (ab)(cd)}.

(a) Prove that for n > 1,
Cn = C\Cn-\ + CiCn-l + ... + C„_iCi.

(b) Deduce that

n = l ^

(c) What is the number c for which the growth irate of cn as n —* 00 is the
closest to that of C„?

GOOD LUCK!
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
March 2, 1993 (Day 1)

NOTE: For any multi-part problem, you may receive partial credit for doing any part,

assuming the statement of a preceding part.

1. How many groups of order 21 are there up to isomorphism?

Describe them all.

2. a. State the Poincare Duality and Kunneth theorems.
b. Find an example of a compact 4-manifold M such that

dimQ(if1(M,Q)) # dimQ(fr3(M,Q)).

3. a. Prove Rouche's theorem. Let /(z) and g(z) be functions analytic inside and
on a simple closed curve C C C. Suppose that \g(z)\ < |/(*)| everywhere on C.

Show that f{z) and f(z) + g(z) have the same number of zeroes inside C.
b. Prove that all roots of the polynomial /(z) = z7 - 5z3 + 12 lie in the annulus

1< 1*1 < 2.

4. Let f(x,y) be a polynomial of degree 3 with coefficients in Q, and suppose there

exists a solution f{a,b) = 0 with a,b G Q. Show that there exist infinitely many

solutions /(x,y) = 0 such that x and y are contained in a quadratic extension of Q

(the quadratic extension may depend on (x,y)).
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5. Let E be a Banaeh space over C, E* the space of bounded linear maps E —* C Recall
that a sequence {uj} in E is said to converge weakly to u if for each A G E* we have

lim (A(uj)jiss A{u)."
j—oo

Show that weakly convergent sequences are bounded. (Hint: use the fact that E* is

also a Banaeh space.)

6. Let a': I —▶ R3 be any regular arc, t(u), n(u), and b(u) its unit tangent, normal and

binormal vectors at a(u). Consider the normal tube of radius e around a, that is, the

parametrized surface given by

(p(u, v) = o(u) + ecos(u) • n(u) + esin(u) • b(u).

a. For what values of e is this an immersion?

b, Assuming a itself has finite length, find the surface area of the normal tube of
radius c around a.

The answers to both questions should be expressed in terms of the curvature k(u) and

torsion t(u) of a.
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
March 3, 1993 (Day 2)

1. Let X be the topological space obtained by identifying all three sides of a triangle as

shown in the diagram

I

Compute the homology groups of X with coefficients in Z, and with coefficients in Z/3Z.
Is X a manifold?

2. Let K be the splitting field of the polynomial x4 — 2 over Q, and let G be the Galois

group of K over Q.
a. Show that G is a dihedral group.

b. Describe all subfields of K containing Q.

3. Let X be a Riemann surface, CP1 the Riemann sphere, and suppose that / : CP1 —+ X
is a nonconstant holomorphic map.

Show that X SCP1.
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4. Let M C R3 be a surface (i.e., submanifold of dimension 2) in R3, with the induced

Riemannian metric, and let 7 : (0,1) —» M be a differentiable arc parametrized by

arc length. Show that 7 is a geodesic if and only if the acceleration vector t"(t) is

perpendicular to the tangent space to M at f(t) for all t.

5. For a complex number 5 with Re(.s) > 1, define

„ n , ! ! 1c^ = 1 + 2^ + F + ? + '-

Prove that |C(2 + it)\ > 6/ir2ior all real t.

6. Let On be the group of n x n orthogonal matrices. A Haar measure on 0„ is a

positive measure A that is left invariant (A(rA) = A(A) for each T G On and Borel
measurable A C On) and normalized so that X(On) = 1. Prove that

L T l t l \ ( d T ) = 0

and

(rltl)2A(oT) = 1/nL
where Tij is the (i,j)th entry of T.



Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
March 4, 1993 (Day 3)

1. Find the Fourier transform f(t) of the function

1
/ ( * ) = 1 + x2

2. If y = f(x) is a differentiable function, Newton's method for finding roots f(a) = 0

consists in taking an initial guess xo and finding the sequence {xn} defined by

*n+i = xn - /(x„)//'(xn).

The hope is that this sequence has a limit which is a root.

If /(x) = x2 — 1 and xo > 0 show that the method works and analyze the rate of

convergence of {xn}.

3. Let V be a 2-dimensional vector space over C, G = SL(V) = SL2(C) be the group of

automorphisms of V of determinant 1. Consider the action of G on the space Wn of

homogeneous polynomials of degree n on V.
a. Show that Wn is an irreducible representation of SL(V).

b. Show that every polynomial of degree n in two variables can be expressed as a

sum of nth powers of linear functions.

4. An nxn real matrix M = (m,,j) is called doubly stochastic if it satisfies the conditions

n n

m.i%j > 0 and ^2mi<J = 5Zm,,J = 1 *or "^ *'•*'
j m l , = 1

Let DS be the set of all doubly stochastic nxn matrices.
2a. Show that DS is a convex subset of Rn .

b. Show that the extreme points of DS are the permutation matrices.
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c. The permanent per(M) of a matrix M is defined just like the determinant, only

with all minus signs changed to pluses. Show that the permanent of a doubly

stochastic matrix is always strictly positive.

5. a. Let C C Pn be an irreducible algebraic curve of degree n not contained in a

hyperplane. Show that C = P1.

b. Now suppose that C C Pn is an irreducible algebraic curve of degree n + l, again

not contained in a hyperplane. What can you say about the genus of C?

6. A k-braid B is a subset of C x I that looks something like:

Co

P

P

So at any "time slice" parametrized by a "time" t G i" the braid looks like a configu
ration of k different points in C. As time progresses, this configuration smoothly changes

from some initial configuration (pi,... ,pk) to some final configuration (p„\,... ,pnk), ob
tained from the initial configuration via some permutation ir of 1,..., k. In our example,

7r is the transposition that exchanges 1 and 3.
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Let Co be the complement of the endpoints of the braid in C x {0}, let C\ be the

complement of the endpoints of the braid in C x {l}, and let Bc be the complement of the
braid B in C x J.

(1) Show that the inclusions Co «—▶ Bc and C\ «—» Bc induce isomorphisms of funda
mental groups.

(2) Notice that 7Ti(Co) = 7Ti(Ci) = Fk is the free group on k generators yi,... ,gk,
where the generators can be taken to be as the figure below, assuming the points

pi,... ,Pi are just the integers 1,..., k, and the basepoint is i:

i

g l g 2 8 k - l 8 k

Let £b be the composition 7Tj(C0) -» ^i(Bc) -♦ tti(Ci), regarded as an automorphism

of Fk. Prove that £b maps y, to a conjugate of y*, for every 1 < t < k, and maps the

product yiy2 • • • ojt to itself.

(3) Compute £e(y2) in the case of the braid displayed above.



QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
October 6, 1992 (Day 1) fl - I S

1. Find a conformal map (that is, a bijective holomorphic map) from the slit unit disc

fl = {z : 0 < |z| < 1, 0 < ary(z) < 2tt}

to the unit disc A = {z : |z| < l}.

2. Let X C R3 be a differentiable surface.
a. Define the Gaussian curvature of X at a point p.

b. Calculate the Gaussian curvature of the hyperboloid

* = {(x,y,z):z2 = *2+y2-l}.
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3. Let X be a compact orientable surface of genus y.
a. How many connected covering spaces of degree 2 does X have?

b. Show that these coverings are all homeomorphic to one another as topological

.spaces.

4. Find the solution of the differential equation •—■

d y *
^ - 2 x y = x

satisfying y(0) = 1.

5. Let G be a finite group of affine transformations of Rn, that is, maps of the form
v i—> Av + b with A G GL„(R) and b G Rn. Show that there is a point of Rn fixed by

every element of G.

6. Let A,B,C and D be any 3x3 symmetric matrices of complex numbers. Show

that there exist complex numbers Q,/3,7 *nd 8, not-all zero, such that the linear

combination
M = aA + 0B + jC + 8D

has rank 1 or less.
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( H a r v a r d U n i v e r s i t y
Department of Mathematics

October 7, 1992 (Day 2)

1. a. Let T C R3 be the union of the circle x2 + y2-l = z = 0 and the line x = y = 0.

Find the homology and homotopy groups of the complement R3 — T.

b. Similarly, let fl C R5 be the union of the sphere x2+y2+z2-l=u = v = 0 and

the plane x = y = z = 0. Find the homology groups of the complement R5 - fl.

2. Let G and H be connected topological groups and tp : G —» H a continuous homo-

morphism. If 9 is a covering space map, show that the kernel of <p is contained in the
center of G.

I
3. Let k be any field, L « k(t) a purely transcendental extension and A" the subfield

K = Jt(rn) C L. Analyze the extension A'Cl from the point of view of Galois

theory. In particular, under what conditions is this a Galois extension'

P

P

r
p

1?

4. Let /(x,y) G R[x,y] be a polynomial with real coefficients, and suppose that

/(r.c-«5) = 0 VtGR.

Prove that /(x,y) = 0.

1?
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5. a. Find the Taylor series expansion of the function

around the origin z = 0.

b. Find the Laurent series expansion of the function

(z - 1)(* - 2)

valid in the annulus {z : 1 < |z| < 2}.

6. Let H be a Hilbert space and K : H -* H a compact operator. Set T = I + K, where
I denotes the identity,

(i) Show that dim ker T < co;

(ii) Show that there exists a constant C such that for all / G (kerT)x, ||/|| < C||T/||;

(iii) Use (ii) to show that the range of T is closed;

(ivj Show that either the equation Tf = g has a unique solution / for every y G H.
or it has no solutions for some y and infinitely many for others.

f

/ /



Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
October 8, 1992 (Day 3)

1. Let p be a real number, 0 < p < 1. Evaluate the integral

r°° x'-i-dx

11- 1-.

. 1 + X

2. Let X be a compact orientable surface of genus 2, and let <p : X —▶ X be a fixed-

point-free homeomorphism of finite order.
a. Show that y? is of order 2 and orientation-reversing.

b. Show that such homeomorphisms of surfaces of genus 2 do exist.

3. Let X C Pn be a Jt-dimensional projective variety. Denote by Pn* the dual projective

space of hyperplanes H = Pn_1 c Pn, and consider the universal hyperplane section

T x = { ( p , H ) : p e H } c X x P N * .

a. Show that Tx is a closed subvariety of the product A" x Pn*.

b. Find the dimension of Tx-
c. Show that Tx is irreducible if and only if X is.

'1
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4. Let 54 be the symmetric group on 4 letters.
a. Show that S4 is the group of symmetries of an oriented cube - that is, the group

of orientation preserving euclidean motions of R3 carrying a cube fl C R3 into

itself.
b. Describe the irreducible representations of S4 and their characters.

c. How does the permutation representation of 54 on the vertices of the cube fl

decompose into a direct sum of irreducible representations?

5. a. Show that the sum Y, Vp> where p ranges over all primes, does not converge.

b. Show that the sum Yl > where p ranges over all odd primes, does converge.
P

6. Let 5„ be the symmetric group on n letters. Let / : 5„ -» Z be the map whose value

on any permutation a G Sn is 1 if a has a fixed point and 0 otherwise and y : Sn —▶ Z
the map whose value on any a is the number of fixed points of a. Let a„ and 6n be the

averages of the functions / and y, that is, the probability that a random permutation
has a fixed point and the expected number of fixed points it has. Find the limit as n

approaches 00 of a n and bn.

J?<
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Q U A L I F Y I N G E X A M I N AT I O N

Harvard University
Department of Mathematics

October 8, 1991 (Day 1)
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1. Think of 51 x S1 as R2/Z2.

a) What is7r1(51 x 51)?
b) Define A" to be the space obtained by taking

[0,1] x (51 x 51) and identifying

(0,(yi ,y2))with( l ,(-y2,y1)).
a) Compute JETi(A").
b) Compute -i(A").

c) Is A" homeomorphic to RP2 x 51 ? Justify your answer.

2. Fermat proved that if p is prime, then ap = a (mod p) for all a.

Generalize this to prove the following:

Let /n(a) = 2_.JJ-{d)anld with p(d) defined as zero if d is not square free and p(d) = 1
d\n

or —1 as d has an even or odd number of prime divisors otherwise. Thus,

f6{a) = ae -a3 -a2 + a.
Prove that for all positive integers n and all integers a,

fn(a) = 0 (mod n).

3. Let e : (0,1) —▶ R2 be an arc parametrized by arc length, i.e., such that the derivative

e'(r) has norm 1 for all t. We call v(t) = e'(t) the unit tangent vector to the arc e at
time t, and define both the unit vector n(l), called the unit normal vector, and the
scalar k(t) > 0, called the curvature, by the equation

v ' ( i ) = K( t ) -n ( t ) .

a) Assume /c(t) > 0 and show that n(t) is orthogonal to v(t) for all t, and that the
derivative of n is given by

n ' ( t ) = - K ( t ) - v ( t ) .

I
I
r
i
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b. Again assuming /c(r) > 0, we define the osculating circle to the arc e at time *
to be the circle of radius l//c(r) with center e(t) + n(*)//c(r) - that is, a circle of

radius l//c(t) tangent to the arc at e(t). Show that if the curvature function /c(r)

is monotone, then the osculating circles to the arc are nested.I
1

l/( *)-$(*)! <|/(*)|

4. Let /, y : C —▶ C be analytic on a simply connected region containing a simple closed

curve 7. Suppose that 7 misses all the zeros of / and y, and that on 7

Show that / and y have the same number of zeros, counting multiplicity, inside 7, i.e.,

prove Rouche's theorem.

5. Let (A", d) be a compact metric space and suppose / is a map X —▶ X such that for

every x ^ y,

d(f(x),f(y))<d(x,y).

Show that there exists a unique xo G A* satisfying /(xo) = xo-

6. a) Let V = Hom(Cm, C") be the vector space of m x n matrices, and let A C V be any

linear subspace such that for all .4 G A. the rank of A is at most 1. Show that either

i) there exists a hyperplane U = Cm_1 C Cm such that U C ker(A) for all A G A;
or

ii) there exists a line W'SCcC" such that Im(A) C W for all A G A.
b) Let 5 : P£_I x P£-1 —▶ p«»-i be the Segre map given by

s:( [Z1, . - - ,Zm}, [Wi. . . . ,Wn}) ~ [ •■. ,Z iWJ,. . . ] .

Show that the image of 5 is an algebraic subvariety A* of pj?n_ t and describe all
linear subspaces of pj?n-1 lying on A'.

22
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
October 9, 1991 (Day 2)

1. a) State the Meyer-Vietoris, Excision and Kunneth properties of the singular homology

theory,

b) Consider the trefoil knot

K in R3 U oo = 53~6
Compute HAS3 - A) and H»{S3,S3 - A).

2. Let M = (m,j) be a symmetric n x n matrix over the field F2 °f 2 elements. Show

that the vector (mu, m22, • • •, rnnn) is in the span of the rows of M.

3. Define CP1 in the usual way as the quotient of C2 \ {0} by the action of the multi

plicative group, C*. of nonzero, complex numbers. That is, A G C* acts on C2 \ {0}
as the transformation

(zi,z2) —▶' (Azj,Az2)

Let 7r : C2 \ {0} —▶ CP1 be the projection map.

a) Write down a non-trivial vector field in ker tt».
b) Show that

.{dz^/X dzi + dz2 A dz2 [hdzi + z2dz2) A (zidzi + z2a'*2)1
u ~ l { ( M 2 + | ; 2 | 2 ) " ( l * i l 2 + l * 2 | 2 ) 2 J

is the pull back by it of a real valued 2-form on CP1.

? 7
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4. Let q G C obey 0 < |y| < 1. For A G C, consider

r x - i \ ) - 1 + x f r ( 1 + g " A ) n ( 1 + g n A " 1 )^ ' 1 - A I I ( l - y " A ) l l ( i - « " A - i ) "
n = l v J ' n s = l v * '

a) Exhibit a Laurent expansion for <p(\) which converges for |y| < |A| < 1.

b) Exhibit one which converges for 1 < |A| < |y|-1.

c) Show that <p( A) defines a meromorphic function on C\ {0} with poles at {gn}„ez-
d) Prove ^(yA) = -<^(A).

P 5. Let {xn} be a bounded sequence in a separable Hilbert space. Show that {xn} has a

subsequence which converges weakly.
I

6. Consider the hypersurface

zn + y"+rn = 0 inCP2.

a.) Prove that it defines a nonsingular curve and compute its genus, y.

b.) Construct y linearly independent holomorphic differentials on the curve.

1
I
1
r

r 2 f
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
October 10, 1991 (Day 3)

1. a) Define the degree of a map of one compact oriented manifold into another one. Can

you map 52 to the surface

v _ O

of genus two with degree 2?

Can you map E to 52 with degree 2? Explain your answer.

b) Consider the map E —▶ 52 given by assigning to p G E the unit normal Xp to E at
p and translating to the origin. What is its degree? Explain your answer.

2. Show that the polynomial /(x) = x4 — 5 is irreducible over Q.

a) Calculate the degree of the splitting field A' of / over Q, and the Galois group,
G, of A/Q.

b) Give an explicit representation of G as a subgroup of 54, the symmetric group
on 4 letters.

c) How many fields of degree 4 over Q are contained in A?

3. A surface 5 C R3 is called ruled if through every point of 5 there passes a straight
line contained in 5. Show that a ruled surface has Gaussian curvature less than or

equal to zero everywhere.

AC
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Day 3 (10/10/91)

4. Prove:

/

O O Qx ° . ( 1 - a ) • i t
—dx =

/o (x2 + l)2 4cos(a7r/2) '
Here, -1 < a < 3.

5. Let / be a smooth, complex value function on R which is such that

lim |<|2(|/(t)| + |/'(r)|) — 0.
l«|—oo

/ o c / > o c
dxc'>x/(x) be /'s Fourier transform (so / = / 2^e~,>'I/(P))-

■o c J — o o

Prove the inequality

I (£ * ,»„(*),') "2. (£ ^|/(P)|»)l" > I £ ^.jp.
I

6. a) Let V be the vector space of polynomials of degree at most n in one variable z over
a field k of characteristic 0, and let a\, • • •, an+1 be any n + l distinct elements of k.

Show that any polynomial /(-) G V can be written in the form

f(z) m Cl(z - a, )B + c2(z - a2)n + • • • + cn+,(z - an+i)n

for some choice of c, G k. Show that this is false if we do not assume char(fc) = 0.

b) Assuming once more that char(ft) = 0, what is the smallest integer £ such that any

polynomial f(z) G V can be written in the form

f{z) = c,(z - oi)" + c2(- - a2)n + • • • + ce(z - at)n

for some choice of c, and a^?

* T
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Q U A L I F Y I N G E X A M I N AT I O N

Harvard University

Department of Mathematics
October 1, 1990 (Day 1)

f \x( + 1. Let aij(t), 1 < i,j < n be n2 smooth functions of a variable i, and let r(t) and £(r)
be the rank and determinant of the matrix (o,-j(<)). Show that the derivative

D'(0) = 0

re whenever r(0) < n - 2, and more generally that the Jbth derivative

- I > ( * > ( 0 ) = 0

whenever r(0) <n — k.

f
ff~. \ tl)ll ~* ^et W) ke a polynomial of degree n with rational coefficients, ori,..., o„ - its complex

1 roots. Suppose we know that q3 = aa + a2 and that there are no other relations of

this type (i.e., if ak = a< + a,, then k = 3 and (i,j) = (1,2) or (2,1)).

a) Show that q3 g Q-

b) Show that Oi,q2 lie in a quadratic extension of Q.

r

i
p

C*\J^~ Z. LetD = {zGC:|z|<l}.
Let / be a holomorphic function on D.

a) Prove: 0 cannot be an isolated zero of Re(f).

b) Let y be a complex valued, smooth function which is non-vanishing on D. Let u
be a smooth real valued function on D such that / = y • ti is holomorphic.

Prove: / is non-vanishing on D.
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^•j^j 4. Let P2 be the projective plane over the complex numbers, with homogeneous coordi

nates X, Y, Z\ and let V be the vector space of homogeneous polynomials F(X, Y, Z)

of degree 2. Let pi, • • • ,p5 be points in P2 with no three collinear, and let Wk C V

be the subspace of polynomials vanishing at the points pi, • • • ,p*. Show that Wk has

dimension 6 — k, (k < 5).

What can the dimension of W6 be if a sixth point, p6, is added? (Still, no three

are collinear.)

5. Let 52 have its standard, round metric.

K&8 Let fl052 denote the space of smooth maps from 51 into 52 which send the north

pole of 51 to the north pole of 52. Give QoS2 the C°°-topology. Define a map
h : flp52 —▶ 5*(= 50(2)) by assigning to a curve the holonomy of the Levi-Civita

connection.

Prove that h is not homotopic to the constant map.

H Let G be a finite group. A G-torser on a topological space X is a covering x : Y —▶ X

together with a continuous action of G on Y, such that G acts simply transitively on

every fiber of Tt. We want to describe G-torsers on X up to isomorphism.

(a) Do it when X = Dn, the unit ball in Rn.

(b) Doit when A" = 5*.

(c) What is the general description if A" is a finite CW-complex. Show that up to

isomorphism there are only a finite number of G-torsers on X.

P
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I
a) Give an integral formula for the Fourier coefficients o„.

b) If / has p continuous derivatives, show that |an| < r-^-, where Cj is a constant
_ d e p e n d i n g o n / .
*

h 3. Let V = Cn be an n-dimensional complex vector space, and let W = Sym2V be

the vector space of symmetric bilinear forms on V. Let G = GLn(C). The action

of G on V induces an action of G on TV and hence on the Grassmannian G(2, W) of

« two-dimensional spaces of quadratic forms. Show that the action of G on G(2, TV) hasan open dense orbit in case n = 3, but not if n = 4.

i
i

Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
October 2, 1990 (Day 2)

1. Let G be a finite group, and let C be the center of G.

a) Show that the index, (G : C), is not a prime number.

b) Give an example where (G : C) — 4.

2. Let / be a continuous complex valued function on R/Z with Fourier expansion /(x) =

J2anc2ninz.
net

I
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Day 2, 10/2/90

4. Let £ C C be the quarter-disc {z|Im z > 0, Re z > 0, |z| < 1} and a the function

a ( * ) = l ' i T 7 f o r *€C , z ^ - l .
a) Show that a(z) G Q if and only if z G Q.

b) Let / be the conformal map from the unit disc {z G C : |z| < 1} onto Q taking
l,e2lti/3 and e4™'/3 to 0,1,t, respectively. Find /(0).

5. Consider a curve C C R3 such that for any two points a,b G C, there exists an

isometry of R3 taking a to b and preserving C. Prove that in some coordinates, C can
be parametrized as i -> (arz,0cos(7t),£sin(7i)) for constants (q,/9,7).

6. Consider the 2 torus T2 = R2/Z2.

a) Prove that it can be covered by three contractible, open sets.

b) Prove that it cannot be covered with two contractible, open sets.

c) What is the minimal number of contractible, open sets for a surface of genus y?
d) Prove that Tz = Sl x Sl x Sl = R3/Z3 is not covered by three contractible. open

sets.
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QUALIFYING EXAMINATION
Harvard University

Department of Mathematics
October 3, 1990 (Day 3)

1. Let c„ = —77—^-rr; cn is called the nlh Catalan number.
n\{n + 1)!

a. Show that cn is an integer.
b. Let /(x) = 5Z cnr" be the generating function associated to the sequence co, C\,

Show that

c. Using part b), show that the Catalan numbers satisfy the recursion relation

c„ = 2T CiCJ'
i + j = n - l

I
2. Let / be a 2-times continuously differentiable function on [0,1].

Set

r *■■£ / ( = )■
m = l

a) Prove cn = 7 + 1- o(—) where 7 = / f{t)dt.n n J 0

i
1
1
r

b) Compute aj in terms of /.
c) Prove an=7+ — + -r +n n 2
d) Compute a2 in terms of /.
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Day 3, 10/3/90

3. Let P5 parametrize the projective space of symmetric 3x3 matrices modulo scalars.

Let X C P5 be the hypersurface consisting of matrices of rank at most 2.

a) Show that the singular locus Y = Sing(A") consists of the matrices of rank 1.

b) Show that Y is smooth, isomorphic to P2, and of degree 4 (i.e., "most" planes in
P5 of codimension 2 intersect Y in exactly 4 points).

c) If a, b € Y and a ^ b, let ~ab C P5 be the P1 spanned by a and b. Let
Z = M {ab}. Compute the dimension and the degree of Z.

a,b£Y
a * b

I
I
r

r
I
I
I
f
I
r
§5. Let X be a 2 x 2, nonzero, real matrix with zero trace,a) Give a quadratic condition on X for etX to be a non-compact, 1-parameter sub-
r e ^ g r o u p o f 5 L ( 2 , R ) .

b) Describe all the possible conjugacy classes of 1-parameter subgroups in 5L(2,R).

c) Prove that the matrix

("o2 -f/l) € 5I<2-R>
is on no 1-parameter subgroup of 5X(2,R).

d) Can you construct a point with this property on 50(3)? Explain.

4. Evaluate the definite improper integral

Jo cosh&x
where b > 0 and a is an arbitrary real number.

[coshi = cos it = ^(e1 + e_t) is the hyperbolic cosine of t.]

please.go to page 3
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Day 3, 10/3/90

6. a) Draw the universal cover X of the space

X = 52 U C

where C is the chord joining the North to the South Pole. Thus

X =

b) What is the relation of ir2(X) and it2(X)?

c) Compute it2{X).

r

r
3
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Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics

February 6, 1990 (Day 1)

1. Let / and y be entire holomorphic functions satisfying the identity

/(z)2 = g{zf - 1
for all z G C. Show that / and y are constant. Would the same conclusion be valid if /

and y were assumed to be entire meromorphic functions?

Hint: Think about the algebraic curve y2 = x6 — 1.

2. a) State the fundamental classification theorem about finitely generated Z-modules.

b) Let (p : Z3 —▶ Z3 be denned by the matrix
- 1 2 6 0

58 34 18
18 12 6

1
Decompose ker(^) and coker(i^) into direct sums of cyclic groups.

| 3. a) Compute the spectrum of — with Dirichlet boundary conditions on [0, jr].

fb) Construct the Dirichlet inverse, G, of —■ on [0, n].dt2
c) Let L2 denote the completion of the space of C°° functions on [0, it] using the norm

= / ds\f(s)\2.
Jo

Prove that G extends to L2 as a compact operator from L2 to itself,

d) Let V be a smooth function on [0,7r] with |V| < 1. Prove that
d2

has a Dirichlet inverse on [0, it] which extends to I2 as a bounded operator.
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4. Let C C CP^ be a nonsingular complex curve of some genus, y.

Let pi,• • • ,pjt be distinct points on C, and let r»j,• • • ,nk be positive integers.

1) Estimate an upper bound on the dimension of the vector space of meromorphic func
tions on C which have poles of order < n;- at pj and are regular elsewhere.

2) Do the same for the vector space of meromorphic differentials on C which have poles
of order < ny at pj and are regular elsewhere.

5. Let X be the figure eight:

a). How many connected, 3-sheeted covering spaces of A" are there, up to isomorphism
over A"? Draw them.

b). How many of these Eire normal (i.e., Galois) covering spaces?

6. Produce a curve in R3 with given constant curvature, k ^ 0, and torsion, r^O.



i
i

r

I
r

r

f
r
I
I
r

Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
February 7, 1990 (Day 2)

1. Let / be a holomorphic function on a domain containing the closed disc {z : |z| < 3},
such that

/a) = m = /(-i)=f(-i) = o.
Show that

|/(0)| < ± max |/(z)|.OU |z |=3

2. Let A be a commutative ring.

Suppose a and 6 are elements of R such that the ideal Ra + Rb is principal. Prove
that the ideal Ra D A6 is principal.

3. A lighthouse situated at the origin casts a very narrow beam of light that rotates there
one full turn every second. How fast is the image of the light beam moving along the

ellipse given by the equation
x2 + 3y2 = 6

at the time when the beam makes an angle of 45° with the positive x-axis? Here, (x, y)

have units of meters, and 6 is 6 (meters)2. Your answer should be in meters/second.



Day 2

4. Let V = Cmn be the vector space of complex mxn matrices, PV = pmn_1 the associated

projective space, and let Mk C PV be the subset of matrices of rank k or less.

a). Show that Mk is an algebraic subvariety of PV.
b). Find the dimension of Mk.

c). Show that Mk is irreducible.

5. Let S2 be the 2-sphere, T = 51 x 51 the torus, and Z the compact orientable surface of

genus 2.

a). Does there exist a continuous map / : 52 —▶ T not homotopic to a constant?

b). Does there exist a continuous map / : 52 —▶ Z not homotopic to a constant?

c). Does there exist a continuous map / : T —▶ Z not homotopic to a constant?

Justify your answers.

6. fc is a real number.
Consider the 3-vector fields

X-(. + *•«)£-<» + *)£

* Q

z = yYx-{x + ky)Tz-

a) Prove: On the complement of 0 G R3, {A", Y, Z) span a subbundle, E C T(R3 \ {0}).
b) For what value of A: is A an integrable subbundle?



Q U A L I F Y I N G E X A M I N AT I O N
Harvard University

Department of Mathematics
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1. Compute:
(log x)2dx

I
W J o ( 1 + * 2 ) "

I
r
p

2. Let G be a finite group, all of whose Sylow subgroups are normal. Prove: G is the

product of its Sylow subgroups.

3. Let L2 denote the completion of the space of smooth functions of compact support on

[0, oo), Cq°, using the norm

u/iii = r \wdt-Jo
Let L\ denote the completion of the same space, C^, using the norm

Il/ll2,i = (11/115 + ll^ll^)1/2-

a) Prove that Jy : Cq° —▶ Cq0 extends to define a bounded operator from L\ to A2.

b) Prove dim(coker * : L\ —▶ L2) = oo.
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4. Consider the polynomial

/(z) = zn + an-izn-1 +--- + aiz + a0.

Let A be the discriminant of /, that is,

where n\, • • •, fin are the roots of /. A may be viewed as a function of the coefficients

ao,-"»a„-. i .

a). Show that A is a polynomial in ao, • • •, an_i.

b). Find the degree of A as a polynomial in the a,-.

5. Suppose A* is a smooth manifold with an open cover by N < oo sets {Bn}^Lj, where

each Bn is contractible. Assume that 7r0(B„ n Bm) < k for all n and m. Give an upper

bound to the first Betti number of X.

6. Let E «—» R3 be an embedded, closed surface of genus 3.

Define the Gauss map, <p : E —▶ 52 by associating to each point x G E, the outward

pointing, unit normal vector.
Let u> denote the volume form (total volume = 47r) on 52.

Compute / tpmu./ r


