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Harvard University Mathematics Department

The Quallfying Exam In Mathematics

The alifyi xam

One of the requirements for.a doctorate in Mathematics at Harvard is a familiarity witha =
reasonably broad sweep of the science of the mathematics. The sole use of the Qualifying Examination is
to measure the breadth of a student’s mathematical knowiedge.

The mechanics of the Qualifying Exam

The exam is given twice a year, usualiy in laie September and in early February. It consists of
three q-tw;%rgs uh?ldf glgo enhmanm aftsmoons, mmm 18 problems. A score of
approximate out © usually a passing ’
break-down of the score indicates that the student a In
must pass an oral exam in their weak subject within 6 months with a specified professor.

A student may take the exam any number of times, ing from the September exam of the
student's first semester. A student is not penalized in ing the ]
but, students are encouraged to pass the exam by the end of the second year in residences, in order to
devote time to honest mathamatical research. .

Preparing for the Qualifying Exam

e
:
F

The nt offers a basic nce of mathematics courses for the first four semesters in
residence; and the successful completion of this sequence plus minimal memory skills should amply
prepare the student for the Qualifying coursss are

Math 212ab  (real

Math 213ab  (complex

Math 230ab  (difierential geometry)
Math 260a.b geometry)
Math 272a b

These courses cover substantially more mathemalics than the Qualifying Exam requires; a student who
passes the exam upon entrance will also find these courses interesting.

mmwnnmmmﬁumﬂ.uhmmmmmam Exam.

This is encouraged and, as a guide to the B

gpamnamofﬁm. It is recommended that a student work through several of these carefully to prepare for
exam.

For most people, graduate school is not sasy — It is a time of trauma and self-doubt. 8o, R ks
important to maintain the proper perspective. By the end of i _
have leamed a tremendous amount of mathematics. This knowledge wil
life. By comparison, the Qualifying Exam is a check mask in your file; as such, R is meaning o you
&s soon as you pass it

H



Syllabus

Whntbﬂmhlmwhouﬁmofﬂummuﬂudxqmmmmmumd including
recommended books and courses

A ALGERRA

Beferences:

B. ALGEBRAIC TOPOLOGY,
Wdhmdmm spaces and fundamental , of homology
groups and elementary ':?Mﬂm Thnim
cab_mglagohomo .Whonptmynmm.ﬂgmdlm.lnhwmw
hmhmywﬂhhncupologﬂlm.o.g.ndwmmwm.um
Math 131, 272a cover this material

Beferences:

C. DFFERENTIAL GEOMETRY.
Mnnﬁohs:rdhalmhsofbmuﬂndmﬁldsonm The classical theory of curves and
surfaces in R’ (Frenet theory, Gaussian pecdesics, the Gauss-Bonnet
hmhwdﬂ-mmm Wmmm

Math 25, 136, 230ab cover this material

D. ALGEBRAIC GEOMETRY,
Projective space of a field; mwmmmwukmmmmw

function fields; regular and rationa! maps. Concepts di ,smocthness and
singularity, h&mewﬂwdmmm
Math 260a.b cover this material.
References: Hartshome, Chapter 1 e
1mﬂ it



E. -ANALYSIS
1. Point sat topology, including metric spaces.

2 Measure and integration on general measure spaces, including Fubini's theorem and the
Radon-Nikodym theorem.

3. Basic facts about Banach and Hilbert spaces, including the spectral theorem for bounded
seli-adjoint operators, and applications to Fourier series, Fourier integrals and differential
equations. . contraction mapping theorem for Banach spaces.

Math 212a.b , in gensral, covers this malerial.
eferences: R n. Real Analysi for A& B
Belerences’ R, Eincional Anaivis good fr C.

4, Ordinary Differential Equations: exisience and uniqueness of solutions, linear equations,
behavior of sohnionsEr?ur equilibrium points, reg singular points.
References: Birkhoff & Rota, inary Differenti
Eguations, s -5,
5. Partial Differential Equations with constant coefficients, separation of varisbles, eigenvalue
eguations, Fourier senes.
References: Churchill & Brown, Fourier Series and Boundary Value Problems

F. COMPLEX ANALYSIS.
Math 213 will cover this material

References: Ahlfors, Comp i

G. CALCULUS!

Every qualifying exam in recent years has had at least one calculus problem and many students
have not done well. ;
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QUALIFYING EXAMINATION
HARVARD UNIVERSITY
Department of Mathematics
Tuesday, March 5, 2002 (Day 1)

Each question is worth 10 points, and parts of questions are of equal weight.

la.

2a.

34.

4a.

ba.

6a.

Describe, as a direct sum of cyclic groups, the cokernel of the map
¢ : Z® — Z3 given by left multiplication by the matrix

15 6 9
6 6 6 |.
-3 =12 -12

Show that any smooth projective curve of genus zero over a field k is
isomorphic to a plane conic over k.

Let f be a function that is analytic on the annulus 1 < |z| < 2 and
assume that |f(z)| is constant on each circle of the boundary of the
annulus. Show that f can be meromorphically continued to C — {0}.

Give an example of a complete smooth algebraic curve C' of degree four
in P2, then find the dimension of the space of holomorphic forms on C.

Let ¥ be a closed 2-dimensional Riemannian manifold whose sectional
curvature is everywhere negative. Show that there is no isometric im-
mersion of ¥ into Euclidean space R?.

A pair of (nonzero) points P and @ in R? are called antipodal if
Q = —P. By the two sphere 5? C R? we mean, as usual, the topological
subspace {(z,y,2) | 2> +y*+ 22 =1} CR® Let f: S? > R’ be a
continuous map. Show that there is at least one pair of antipodal points
{P,Q} on the two sphere such that

f(P) = f(Q).
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QUALIFYING EXAMINATION
HARVARD UNIVERSITY
Department of Mathematics
Wednesday, March 6, 2002 (Day 2)

Each question is worth 10 points, and parts of questions are of equal weight.

1b.

2b.

3b.

4b.

5b.

6b.

Let H be a Banach space. Show that there are no bounded operators
A, B on H for which
AB—-BA=1

Hint: show for any positive integer n, that

AB" — B"A =nB""!

On the other hand, for H some space of functions on R, let A be the
operator of differentiation ad; and let B be the operator of multiplication
by z. Then

AB - BA=1.

What is going on here?

Show that the sum ) 1/p, where p ranges over all prime numbers, does
not converge.

For which positive integers n is Z" a set-theoretic union of finitely many
proper subgroups? (Here Z" is the direct sum of n copies of Z.)

Suppose we have a function regular on a closed disk. Show that its
absolute value at the center of the disk does not exceed the arithmetic
mean of its absolute value on the boundary of the disk.

Let R = Z[z]/(f), where f = z*+422°—112%+222—2002002002002002,
and let ] = 3R be the principal ideal of R generated by 3. Find all
prime ideals of R that contain I. (Give generators for each.)

Let G be a nonabelian group of order 16 containing an element of
order 8. Give the character table of G.
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QUALIFYING EXAMINATION
HARVARD UNIVERSITY
Department of Mathematics
Thursday March 7, 2002 (Day 3)

Each question is worth 10 points, and parts of questions are of equal weight.

lc.

2c.

3c.

4c.

5e.

6c.

Let Q be a nonsingular quadratic surface in P%. Prove that any point
p € Q is the intersection of two lines on Q.

Let X C P% be an [-dimensional projective variety. Denote by G
the Grassmannian of k-planes in Pg, and let Z C G be the subset of
k-planes meeting X, i.e,

Z={AeG:ANX #0}.

1. Show that Z is a closed subvariety of G.
2. What is the dimension of Z7
3. Show that Z is irreducible if and only if X is.

Show that the complex projective plane PZ does not nontrivially cover
any other manifold.

Let X be the figure eight:

How many connected, 3-sheeted, covering spaces of X are there, up to
isomorphism over X7 Prove your answer.

Let f(z) be regular on the closed disk |z| < 1 and not equal zero on the
boundary. Show that the maximum of Re zf'(z)/f(z) on the boundary
is at least the number of zeros of f in the disk.

We recall some basic definitions from measure theory. Suppose that F'
is a subset of R™ and s is a non-negative number. For any § > 0 we
define

H3(F) = inf{z |Ui|® : {Ui} is a é-cover of F}

i=1

3
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where the diameter |U| of a set U is the greatest distance between any
two points in U, and a d-cover is a countable cover of F by sets of
diameter at most . The s-dimensional Hausdorff measure of a set F
is the limit

W = }g% H3(F)
and the Hausdorff dimension of a set F is the infimum of the s for which
H?*(F) = 0 (equivalently, the supremum of the s for which H*(F) = o0).

The middle third Cantor set C is the subset of the unit interval [0, 1]
consisting of points that have a base 3 expansion not containing the
digit 1. What is the Hausdorff dimension of the set C'?
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QUALIFYING EXAMINATION
HARVARD UNIVERSITY
Department of Mathematics
Tuesday October 2, 2001 (Day 1)

Each question is worth 10 points, and parts of questions are of equal weight.

la.

2a.

3a.

4a.

Ha.

6a.

Let X be a measure space with measure u. Let f € L'(X,u). Prove
that for each € > 0 there exists § > 0 such that if A is a measurable

set with p(A) < 4, then
] |fldu < e.
A

Let P be a point of an algebraic curve C of genus g. Prove that any
divisor D with deg D = 0 is equivalent to a divisor of the form E — gP,
where E > 0.

Let f be a function that is analytic on the annulus 1 < |2| < 2 and
assume that |f(z)| is constant on each circle of the boundary of the
annulus. Show that f can be meromorphically continued to C — {0}.

Prove that the rings C[z,y]/(2* — y™), m = 1,2,3,4, are all non-
isomorphic.

Show that the ellipsoid z?+2y*+ 322 = 1 is not isometric to any sphere
2+t + 2=

For each of the properties P, through P, listed below either show the
existence of a CW complex X with those properties or else show that
there doesn’t exist such a CW complex.

P1. The fundamental group of X is isomorphic to SL(2, Z).

P2. The cohomology ring H*(X,Z) is isomorphic to the graded ring
freely generated by one element in degree 2.

P3. The CW complex X is “finite” (i.e., is built out of a finite number
of cells) and the cohomology ring of its universal covering space is
not finitely generated.

P4. The cohomology ring H*(X,Z) is generated by its elements of
degree 1 and has nontrivial elements of degree 100.
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QUALIFYING EXAMINATION
HARVARD UNIVERSITY
Department of Mathematics
Wednesday October 3, 2001 (Day 2)

FEach question is worth 10 points, and parts of questions are of equal weight.

1b.
2b.

3b.

4b.

5b.

6b.

Prove that a general surface of degree 4 in P} contains no lines.

Let R be a ring. We say that Fermat’s last theorem is false in R if
there exists z,y,z € R and n € Z with n > 3 such that z" + y" = 2"
and zyz # 0. For which prime numbers p is Fermat’s last theorem false
in the residue class ring Z/pZ?

T cos(z)
_/ 1+ z? el
0

Let R = Z[z]/(f), where f = z* —2® + 22 — 2z + 4. Let I = 3R be the
principal ideal of R generated by 3. Find all prime ideals p of R that
contain I. (Give generators for each p.)

Compute the integral

Let &4 be the symmetric group on four letters. Give the character
table of &4, and explain how you computed it.

Let X C R? and let f : X — R? be distance non-increasing. Show
that f extends to a distance non-increasing map f : R? - R? such
that f |x = f. Does your construction of f necessarily use the Axiom
of Choice?

(Hint: Imagine that X consists of 3 points. How would you extend f
to X U {p} for any 4th point p?)
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QUALIFYING EXAMINATION
HARVARD UNIVERSITY
Department of Mathematics
Thursday October 4, 2001 (Day 3)

FEach question is worth 10 points, and parts of questions are of equal weight.

lc.

2¢.

3c.

4c.

5c.

6c.

Let S C P be the surface cfined by the equation XY — ZW = 0.
Find two skew lines on S. Prove that S is nonsingular, birationally
equivalent to P%, but not isomorphic to PZ.

Let f € C[z] be a degree n polynomial and for any positive real num-
ber R, let M(R) = max,=g |f(z)|. Show that if R, > R; > 0, then
M(Ry) _ M(Ry)
R} — RY
with equality being possible only if f(z) = C2", for some constant C.

Describe, as a direct sum of cyclic groups, the cokernel of ¢ : Z3 — Z3
given by left multiplication by the matrix

3 5 21
3 10 14
—-24 —-65 —126

Let X and Y be compact orientable 2-manifolds of genus ¢ and h,
respectively, and let f : X — Y be any continuous map. Assuming that
the degree of f is nonzero (that is, the induced map f* : H*(Y,Z) —

H?(X,Z) is nonzero), show that g > h.
Use the Rouché’s theorem to show that the equation ze*~* = 1, where
A is a given real number greater than 1, has exactly one root in the

disk |z| < 1. Show that this root is real.

Let f: R — R be a bounded function such that for all z and y # 0,

fat+)+fz-1)-26@| 5
ly]
for some finite constant B. Prove that for all z # y,

@) - 1) < M-l =l (1+10g" (21,

where M depends on B and || f||, and log™ (z) = max(0, log z).
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics

October 3, 2000 (Day 1)

Each question ts worth 10 points, and parts of questions are of equal weight unless oth-

erwise indicated.
la. Classify (up to isomorphism) all groups of order 35.
2a. Exhibit a real valued C*° function on the real line that is not real analytic.

3a. Consider the curve C in P® which is the image of the map
P! — P

[z,y] = [z, 2%y, zy?, 4°].

(i) Write down 3 quadric equations giving C.
(ii) Show that if L is a line that is either tangent to C or that meets C in two points,
then C U L is cut out by two quadric equations in the space spanned by the 3

equations given in (i).

4a.

(i) Construct a nowhere dense subset of the unit interval [0, 1] with positive Lebesgue
measure.
(ii) Construct a subset of the unit interval [0, 1] which is a countable union of nowhere

dense sets and has Lebesgue measure 1.

5a. Let X C R® be the complement of the three coordinate axes. That is, a point
(z1,z2,z3) € R® belongs to X if and only if at most one of the three coordinates z;, z2,

or z3 is 0.

(i) Is X of the same homotopy type as a finite graph? ( A graph is a simplicial



—-—

o |

-

(A

complex made up of only vertices and edges.) If not, prove it; if so, exhibit such
a graph and the homotopy equivalence.
(i) Compute H,(X,Z) for all integers n, where H,(*) denotes singular homology.

6a. Are the following spaces complete? Justify your answer.

(i) (4 points) The space of all bounded holomorphic functions in the open unit disk
with sup-norm.
(ii) (4 points) The space of all injective bounded holomorphic functions in the open
unit disk with sup-norm.
(iii) (2 points) The space of all injective bounded holomorphic functions f in the open
unit disk such that f/(0) = 1, with sup-norm.
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics

October 4, 2000 (Day 2)

Each question is worth 10 points.

1b. Let K/F be a Galois extension of fields with Galois group S, (the symmetric group
on n letters). Prove that K is the splitting field over F of a polynomial f(z) € F|z] of
degree n.

2b. Let f be a surjective map between smooth projective curves over C.

(i) If f has degree 2, show that f must have an even number of branch points.
(i) Show that the degree 2 map F : ]P’%z — Pg_in characteristic 2 given by y — y2—y

has only 1 branch point with ramification degree 2.

3b.

(i) Show that if f is a continuous 27-periodic function with Fourier coefficients

fo) =5 [ f@eimeas,

then
lim f(n)=0.

n—oo

(ii) Show that the same is true if f is only integrable on [—,7].

4b. Let f be analytic and bounded by 1 in absolute value in the open unit disk D.
(i) Show that if f(a) =0 (a € D) then

zZ—0Q

17(2)] <

1—-1az

for z € D.
(ii) Show that if f(ay) = f(a2) = 0 for a1, a2 € D with oy # aq, then

[£(0)] < |a1aa].
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5b.

(i) Define the degree of a smooth map ¢ : M — N, where both M and N are con-
nected compact oriented k-dimensional differentiable manifolds without bound-
ary.

(ii) Compute the degree of the self map z — 29 defined on the group U(2), (that is,
the set of two-by-two complex invertible matrices A with A=! = Zt), where g is

an arbitrary integer.

6b. Let X be a compact orientable 2-manifold without boundary. Show that two continu-
ous maps from X to S? are homotopic if and only if they induce the same homomorphism

on two-dimensional singular homology:

Hy(X,Z) = Hy(S%,2Z).



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics

October 5, 2000 (Day 3)
Each question is worth 10 points.

lc. Compute

f"" dx
0 1426

2c. Consider the ring R = C[z, y, 2].
(i) Describe all maximal ideals of R.
(ii) Describe all minimal nonzero prime ideals of R.
(iii) Give an example of a prime ideal in R which is neither minimal nonzero nor

maximal.

3c. Find a non-zero regular differential on the projective curve y?z = z° + 222 + 2°.

4c. Find a finite CW-complex X whose universal covering space X has the property that
H? ()ﬂf ,Z) is not a finitely generated group. Here H?(*) denotes singular cohomology.

(Hint: Use as few cells as possible.)

5c. . Consider S? endowed with the standard round metric. Find a continuously differ-

entiable map
L:S'x 8 — §?
such that if h(z) € S*(= SO(2)) is the holonomy of the Levi-Civita (Riemannian) con-

nection along the loop w +— L(z,w) in S?, then h: S' — S* has non-zero degree.

6c. Let A be a linear operator on an infinite dimensional separable Hilbert space such

that A maps bounded sets to subsets of compact sets (that is, A is a compact operator).

(i) Find such an A that has no eigenvectors.
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(i) Show that if A is self-adjoint, then A has an eigenvector. (Hint:
vector z with unit norm such that (Az,z) = sup|,=1(4y,¥).)

Consider a



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics

Feb 8, 2000 (Day 1)

la. Let {a;,a2,...} be a sequence of real numbers.

i) Define what it means to say that 3" a, is absolutely convergent, and prove that if
>_ay, is absolutely convergent and equal to S and ¢ is a permutation of Z*, then 3 ag(n)
is absolutely convergent and equal to S.

ii) Suppose that ) a,, is convergent, but not absolutely convergent. Prove the Riemann
rearrangement theorem: for any real number s, there exists a permutation o of Z+ such

that > Gg(n) converges to s, and there also exist permutations o4 such that ¥ a, +(n)

diverges to +oo

2a. Let X C P" be a projective variety over an algebraically closed field k. Denote by
P™* the so-called dual projective space, parameterizing hyperplanes H ~ P*~! in P".

Consider the universal hyperplane section
Tx = {(p.H) € X x P™|p€ H}.

i) Show that I'x is a closed subset of the product X x P™*.
ii) Show that I'x is irreducible if and only if X is irreducible.

ili) Assuming that X is irreducible, compute the dimension of 'y in terms of the

dimension of X.

3a. Let (X,d) be a compact metric space and suppose f : X — X is a map such that

for every z # y in X, d(f(z), f(y)) < d(z,y). Show that there exists a unique zo € X
such that f(zg) = zo.



4a. Let u be a harmonic function on the punctured disc 0 < |z| < p, and assume

lim zu(z) = 0.

z—0

Prove that there exists o € C and a harmonic function 4o on the disc |z| < p such that
u(z) = alog(z) + up(2)

for 0 < |z| < p.

5a. Let S™ denote the unit sphere in R**!. Let f : S® — S™ be a continuous map

without fixed points. Prove that f is homotopic to the antipodal map a(%) = —%.

6a. Let k be a finite field, and k an algebraic closure.

i) For each n > 1, show that there is a unique extension k,, of degree n over k inside
of k.

ii) Show that k,/k is a Galois extension, with cyclic Galois group.

iii) Show that the norm map kX — k* sending z € kX to the product of its Galois
conjugates (over k) induces a surjective homomorphism from kX onto k*.

iv) Determine for which pairs of positive integers (n,m) we have k,, C k,, inside of .



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Feb 9, 2000 (Day 2)

1b. Let A be an integral domain. An A-module M is said to be torsion-free if for f € A,
m € M, the condition fm = 0 forces f = 0 or m = 0.

i) If A is a principal ideal domain and M, N are torsion-free A-modules, then prove
that M ®4 N is torsion-free.

ii) Give an example, with proof, of a domain A and torsion-free A-modules M , N such

that M ® 4 N is not torsion-free.

2b. Let k be a field and F € k[u,v] a non-constant irreducible polynomial with degree
d > 0. Let P = 2¢F(z/z,y/z) € k[z,v, z] be the associated non-constant homogenous
polynomial, which we assume defines a smooth curve C in ]Pi.

i) In terms of maps between curves, give a geometric interpretation of the statement
that the equation F(U,V) = 0 has a solution (u,v) in the rational function field k(t)
with u,v € k.

ii) Using facts about the genus of connected smooth projective curves over an alge-
braically closed field, prove that if n > 2, the equation U™ + V™ = 1 does not have a
solution in k(t) with U,V ¢ k, provided the characteristic of k does not divide n.

iii) (extra credit) Prove an analogue of (ii) with the field k(t) replaced by Q.



3b Let |f] = (& 02“ |£(€*)[2d6)"/? be a norm on the space V = C[z] of polynomials.
i) Show that the completion H of V with respect to this norm is a Hilbert space. Find

an orthonormal basis.

ii) Compute the norm (with respect to | - |) of the functional V — C given by f —
f(1/3).

iii) For any 0 < r < 1, define the norm | - |, on V by

1= (2 [ 15ty an)

Let V; denote the space V' equipped with this norm. Prove that the identity map V; — V.

1/2

is a compact operator for all r < 1.

4b. Show that the function defined by

is analytic in the open disc |z| < 1, but has no analytic continuation to any larger domain.
5b. The torus S* x S? is embedded in R® as a surface of revolution given by

(6,9) — : cos §(3 + sin @), g sin (3 + sin ¢), cos ¢
2 2

(for 8,4 € S1).

i) Compute the Gaussian curvature function for the induced metric at the points (2,0,0)
and (1,0,0).

ii) Find an embedding S* x S* < R* for which the Gaussian curvature function of the

induced metric vanishes identically.
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6b. Let X be a path-connected space, and zy,z; € X two points.

i) Construct an isomorphism 7, (X; zo) ~ m,(X; z,), natural up to conjugation.

ii) Define what it means to say that a continuous map ¥ = X is a covering space, and
assuming that X has a basis of opens which are path connected and simply connected,
describe carefully how covering spaces of X are classified by the group (X; zo).

iii) Construct a space which has S? as a double cover.

iv) Construct a non-orientable space which has the torus S! x S! as a double cover.
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Feb 10, 2000 (Day 3)

lc. Let 6 = zdy — ydz + dz, a smooth 1-form on R®. For each p € R?, let E, C T,(R?)
denote the 2-dimensional subspace annihilated by 6(p).

i) Show that the Ep’s are the fibers of a subbundle of the tangent bundle of R3.

ii) Prove that if X and Y are vector fields spanning E over an open set U C R3, then

[X,Y] cannot be contained in E over all of U.

iii) Find a piecewise smooth curve going from (0,0,0) to (1,0,0) with tangent field
lying in E.

2c.

i) Define the local intersection number (at an intersection point) of two distinct irre-
ducible closed curves in the complex projective plane.

ii) Compute the intersection number of z%y — 2% = 0 and z® — zyz = 0 at the point
[0,1,0].

iii) State Bezout’s theorem for curves in the projective plane.

3c. Compute

> log(z)
./o z2 + b? az

for b > 0.
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4c. Let £ C [0,1] be a Lebesgue-measureable set. Define the density function fs by

fo(t) = T u(En [t -t +d)

(the limsup taken as € — 0).

i) Show that almost everywhere, fx(t) € {0,1}.
ii) Show that for all z € [0, 1],

/ " F(t)dt = w(z 1 [0, ).

5c. Let f = z* — 5 € Q[z].
i) Show that f is irreducible, and calculate the degree of its splitting field K over Q,
as well as the Galois group G of K over Q.

ii) Give an explicit injective map of groups from G into S;, the symmetric group on 4

letters.

iii) How many subfields of K have degree 4 over Q?

6c. Let S = {(21,22) € C?||z1|* + |22/|® = 1}. Let the group p, of pth roots of unity in
C (for a prime p) act on S° by p(¢) : (21, 22) = ({21,{™z,), where m € (Z/p)* is fixed.
Let M denote the quotient of S by this action.

i) Compute m;(M).

ii) Compute H;(M;Z) for 1 <i < 3.

iii) Compute H*(M;Z) for 1 < i < 3.

iv) How do the previous two parts change when Z is replaced by Q?



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Oct 5, 1999 (Day 1)

la. Using only freshman calculus, prove that
oo N
/ sin(t?) dt = lim sin(t?) dt
0 N=—ws.Jg

converges.

2a.

i) Let f : M — N be a C*°-map between compact, oriented, connected manifolds.
Define the degree of f. Does there exist a degree 2 map from S? to a surface

in R® of genus 2?
ii) Consider the map © — S? given by assigning to p € T, the unit normal XptoZ
at p, and translating to the origin. What is its degree? Explain your answer.

Typeset by ApMS-TEX



3a. Let (VA4, ||-]|1) and (V2, ||-||2) be finite-dimensional complete normed vector spaces

over R.
i) Show that V; and V; are isomorphic as topological vector spaces.

ii) Give an example (with proof) where V; and V; are not isometric as Banach spaces.

4a. For a € R, show that

* sin(az) T am

s aimhlz) ™ g e

: et —e™t —r et —e~t

where sinh(t) = 5 sin(it), tanh(t) = ST
Sa.

i) Let M be a smooth compact connected manifold of dimension . What can you say
about H™(M;Z/2Z)? About H™(M;Z)? Justify your answer.

ii) Determine (with proof) the cohomology ring with coefficients in Z of the projective
spaces CP" and RP".

iii) An inclusion of R™ < R™*! as a hyperplane induces an inclusion

i:RP""! — RP"™.

Show that 7 admits no retraction (i.e., there is no map RP® — RP*~! with f-i = id.)
iv) Is the same true for i : RP® — CP", where this map is induced from the inclusion

of R**! < C"*! as the subset of real points?



6a.

i) Show that if A is a Noetherian commutative ring, then so is the formal power series
ring A[t].

ii) Let R = k[t1,...,ta] be the ring of formal power series over a field k in the inde-
terminates ?,,...,%,. Let o be a surjective endomorphism of the ring R. Show that a is

an isomorphism.
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1b. Let k' be a field and G a finite group. Let V' be a non-zero, finitely generated,
semisimple k’[G]-module. The Brauer-Nesbitt Theorem asserts that V' is determined up
to (non-canonical) isomorphism by the characteristic polynomials XV’ ,¢(t) € K'[t] of the
actions on V' of all g € G. Let k C Kk’ be a subfield over which &’ is finite Galois.

i) Prove that k' ® () takes semisimple k[G]-modules to semisimple k’[G]-modules.

ii) Assume H?(Gal(K /k),k'*) = 1. If Xv',¢(t) € kt] for all g € G, prove that there
is a k'[G]-module isomorphism V'’ =~ k' ® V for a semi-simple k[G])-module V which is
unique up to isomorphism.

iii) Prove that H?(Gal(k’/k),k’™) = 1 for k' /k any extension of finite fields.

2b. Let f,g be two meromorphic functions on a compact, complex Riemann surface.

Show that there exists a polynomial F(X,Y’) # 0 such that F(f,g) =0.

3b.

i) What is meant by an eigenfunction of a differential equation with respect to specified
boundary conditions?
ii) Find a basis of eigenfunctions for the differential equation

Uzz +Uyy + Au=0



on [0,1] x [0,1] for the boundary conditions:
Ou ou
u(z,0) = z-(0,y) = %(x, 1) =u(l,y) =0.

iii) What are the eigenvalues )\ that arise in (ii)?

4b. Let f = 3 anz"™ be a function that is holomorphic on A = {|z| < 1} and meromorphic
on some neighborhood of A = {|z| < 1}.

i) Assume that f has no poles on JA. Show that |an| — 0 as n — co.
ii) Assume that f has at worst simple poles on A. Show that sup |an| < 0.

iii) Give a counterexample to (ii) if one allows poles on A with order greater than 1.

5b. Let M be a smooth manifold, and let f : M — R be a C* function with no critical
values in [0,1]. Show that f~1(0) and f~!(1) are diffeomorphic.

6b. Let X be the figure-eight: X = co.

i) How many connected, 3-sheeted covering spaces of X are there, up to isomorphism,

over X? Draw them.

ii) How many of these are normal (i.e. Galois) covering spaces?
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1c.

i) Let F : R?® — R be a smooth function. In what sense is the differential equation

sy, o
dz \ 8y dy
equivalent to the variational condition:
J/F(z,y,y’)dz: =0?

ii) Prove this equivalence.
iii) Show that for the differential of length

1
ds® = = (dz® + dy?)
Y
in the upper half-plane y > 0, the geodesics (shortest paths) are the curves

(z—-a)+¢y*=7% y>o0.



2c. Let k be a field, and let f,... fm € k[z1,..., 2] be polynomials.

i) State the Nullstellensatz in K([zy,...,z,) for K an algebraically closed field.
ii) Use it to prove that if the f;’s have no common zero in an algebraic closure & of k,
then (f1,...,fm) = (1) as ideals in k[z,,...,z,].

iii) If f1,...,fm € Z[z},...,T,] have a common zero in F,, for infinitely many p, prove

that they have a common zero in Q.

iv) Give a counterexample to (iii) if we replace Fp,, Q by F p» Q respectively.

3e.

i) State the Schwarz Lemma.

ii) Let ¢ : D — C be a conformal mapping of the open unit disc D,andlet f: D — C
be a holomorphic map with f(D) C ¢(D), f(0) = ¢(0). Prove that |¢~1(f(2))| < |2| for
all z€ D.

iii) Let f : D — C be a holomorphic function, with f(0) = 0 and |Re(f(z))| < 1.
Show that

[Re(/(2))] < ~ tan™(j2]

Prove that the equality is possible only for

1 + eta®

1— eanz"

2
f(z)-—i—ﬂ_log a€R

4c. For f € L'(R), prove that

1 ~
lim 1 ]Iy_m f @) - f(=)ldy =0

h—0

for almost every z.



5c. Let k be a field, and let f € k[z] be a monic polynomial.

i) Describe in detail what it means to say that a finite extension L/k is a splitting field
of f, and prove the existence and uniqueness (up to non-canonical isomorphism) of such
an extension.

ii) Suppose that f(z) = 2™ — 1, with char(k) { n. Let L/k be a splitting field of f,
so that L/k is Galois. Construct a canonical injection of groups Gal(L/k) — (Z/n)*.
When n = p” is a prime power, determine(with proof) the image of this map for k = Q,
R and F; where [ is prime, | # p.

iii) Prove the existence of a Galois extension L/Q with Gal(L/Q) cyclic of order 2199,

and prove that for any such L, the unique quadratic subfield Q(v/d) C L must have
d> 0.

6c. Let f: X — Y be a surjective map between projective smooth algebraic curves

over C.

i) State the Hurwitz genus formula for f.
ii) If f has degree 2, show that f must have an even number of branch points on Y.
iii) Show that the (degree 2) map F : P—éq — ll”'%2 in characteristic 2 given by y — y%—y

has only 1 branch point, with ramification degree 2.
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1. a: Let X be a Banach space. Define the weak topology on X by
describing a basis for the topology.

b: Let A: X — Y be a linear operator between Banach spaces that

is continuous from the weak topology on X to the norm topology
on Y. Show that A(X) is finite-dimensional.

2. Prove there is an entire function f (2) whose zero set consists of the
positive integers.

3. a: Compute the fundamental group of a figure 8 (see below). No
justification is required.

X

FIGURE 8

b: Show that any finitely-generated subgroup of the free group Z*Z
is also free.

4. Let R be the ring of continuous functions on the unit interval [0, 1].
Construct (with proof) an ideal in R which is not finitely generated.

5. a: Consider the ellipse
2+ 2% =1.
Is it isometric (as a Riemannian manifold) to some circle?
b: Consider the ellipsoid
°+ 2%+ 322 = 1.

Is it isometric (as a Riemannian manifold) to some sphere?
Prove that your answers are correct.

6. Consider the surface S = {[z : y : z : w] € CP® | zy — zw = 0} in
complex projective 3-space.
a: Prove that S is non-singular.

b: Prove that S is birationally equivalent to the projective plane.
c: Find two lines on S that do not intersect.

d: Prove that S is not isomorphic with the projective plane.
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- Show that there exists a finite extension K of Q with [K : Q] = 9 such

that the extension K/Q is only ramified over the prime 1999.

- Let G be the Lie group of all isometries of the Euclidean plane. Intro-

duce a coordinate system on G. Describe a left Haar measure on G in
these coordinates. Show that this measure is bi-invariant.

a: Let R be an irreducible polynomial in two complex variables such
that the set {(z,y) € C? : R(z,y) = 0} is a non-singular curve.
Consider the form % on the open set of the curve where R, = %%
is nowhere zero. Show that this differential form has a unique
extension to a holomorphic form on the whole affine curve.

b: Let 2°+1°+ z° = 0 define a curve T in P2. Write down an explicit
basis for the holomorphic 1-forms on L.

. Let f(z) be an entire function with no zeros, such that |f(z)| < Cel?!

for some real constant C. Show that f(z) = exp(az + b) for some
a,becC.

. Let On(R) denote the group of n by n orthogonal matrices over R.

Compute m2(Op(R)) for alln=1,2,3,....

. Let a and b be real numbers.

a: Compute the convolution (on R) of the functions e=%** and e~%2°.
b: Compute a formula for the moments

/ z"e 9% dz,

R
where n is a non-negative integer.



b
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- Evaluate the definite improper integral

7 cos(az)
6/ cosh(bz) ér,

where b > 0 and a is an arbitrary real number. (Recall that cosh(t) =
cos(it) = 3(e' + e™*) is the hyperbolic cosine of ¢.)

- Show that a finitely generated group G has only a finite number of
subgroups of a given index d.

. Give a necessary and sufficient condition on the Fourier coefficients of a

continuous function f : R/Z — C which characterizes the real-analytic
functions.

a: Let E be an elliptic curve over C and 0 € E be a choice of zero for
a group law on E. Show that the ring of endomorphisms of (E, 0)
is commutative.

b: Let E be the elliptic curve 2>+ y®+ z% = 0 in P? over an algebraic
closure Fs of Fs. Let [1 : —1 : 0] be its zero element. Show that
the ring of endomorphisms of (E,[1 : —1;0]) is not commutative.

. Let K be the Klein bottle.
a: Compute m (K).
b: Compute the homology groups H,(K;Z) for all n > 0. You may
use that K is not orientable.

. Consider a parametric curve f : R — R3, where f is a C'-map.

a: State an easy condition on the function f that guarantees that f
is a smooth path (i.e., the range of f is a smooth curve which may
cross itself but has no corners).

b: State what is meant by the arc-length parametrization and prove
that the condition you have given in a is sufficient to ensure that
the arc-length parametrization of the curve f is also of class C.

c: Assuming that f itself gives the arc-length parametrization, define
the curvature, the torsion, the principal normal and the binormal;
and state the Frenet-Serret formulas.
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la. i) Define Noetherian ring.

ii) Prove Hilbert’s Basis Theorem: If A is a Noetherian ring, then A[z] is Noetherian.
iii) Give, with justification, an example of a non-Noetherian ring.

2a. Let X and Y be Banach spaces and S,T : X — Y bounded linear maps.

i) Prove that if T is a bijection then there exists § > 0, depending only on 7', such that
IS —T|| <6 = S is a bijection.

ii) Assume that the kernel of T is finite-dimensional, the image of T is closed, and the
cokernel of T is finite dimensional. Prove that there exists 6 > 0 depending only on 7T,

such that if ||S — T'|| < & then all three properties (finite-dimenionsal kernel and cokernel,
closed image) hold for S.

3a. Let L C C be a lattice and define

()

where 3~ means the sum over all nonzerol € L.

i) Show that g is convergent and analytic on {zeC:2¢ L}.
ii) Show that p is periodic with respect to L, i.e. p(z+1)=p(z) for alll € L.

iii) Show that any holomorphic function on C which is periodic with respect to L is
constant. Using this, deduce that

(dp/dz)* = 4p° — go(L)p — ga(L),
where

r1 r1
92(L) := 602 i 93(L):= 140 ) Tk




=

4a. Compute ,,(CP*) for all positive integers n, k such that 2k + 1 > n.
-
- 9a. i) Find non-constant rational functions z, ¥ € C(t) such that z2 + y?=1.

ii) Prove that for n > 3 there do not exist non-constant z,y € C(t) such that z" +4" =1,
-
- 6a. Define a metric on {(z, ¥) €R?: 2% 4+ 42 < 1} by the line element
ds? — dr? + r2d92.
- (]_ - rz)P
Here (7,0) are polar coordinates and p € R.

-

i) Compute the connection form relative to the orthonormal frame
- o dr 6 _ rdf

€= (1= r2)p/2° = (1—r2)p/2°

r ii) Compute the second fundamental form of the circle r — 1/2.

iii) For which p is this circle a geodesic?
- iv) Compute the Gaussian curvature of this metric.
=
-
el
o
-
-
—
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1b. For m > 0 prove that

2
/°° e cos(m:r)d e~m/4
i ==
0 €T 4 e~ 7T 4

(Hint: The denominator of the integrand has a pole at z = i/2.)

2b. Let R be a nonzero commutative ring with unity, and I a proper ideal in R (i.e. an
ideal other than R itself).

i) Show that the radical of I (the set of r € R such that r™ € I for some integer n > 0)
is the intersection of the prime ideals of R which contain I.

ii) State the Hilbert Nullstellensatz for rings R which are finitely generated over an
algebraically closed field. Explain how this theorem implies that if R is a polynomial ring
over C in finitely many variables then the radical of I is the intersection of all mazimal
ideals of R which contain I.

iii) Give an example of a ring R and a proper ideal ] C R whose radical is not the
intersection of the maximal ideals which contain it.

3b. Let G be the group GL3(F;).

i) How many conjugacy classes does G have?
ii) Show that G has exactly two conjugacy classes of size 24.



_—

|

4b. Let T;, = R" /Z™ be the torus of dimension n.

i) Describe the cohomology ring of T5,.
ii) If a: T, = T, sends ¥ to 3%, compute the “Lefschetz number” of a:

n

L(a) := Z(—l)‘ Trace(a”|gi(T,))-
1=0

iii) Prove that the graph of a is transverse to the diagonal in 7,, x T,.
iv) State the Lefschetz fixed point theorem and check that it holds in this case.

5b. Let S be a compact connected surface in R® with Gaussian curvature everywhere
positive.

i) Show that S is diffeomorphic to the sphere. (You should not use the classification of
compact surfaces.)

ii) Show that S is convexz, i.e. lies to one side of each of its tangent planes.

iii) Show that S contains at least one umbilical point, i.e. a point at which the principal
curvatures are equal. (Hint: S? has no nowhere vanishing vector fields.)

6b. Consider the system of differential equations

E-—a..a*:~i-4
dt— ys
dy

— = -z + 2y.
at = rT

Discuss, with appropriate sketches, the nature of the solution curves (z(t),y(t)) for
various values of a. What are the critical values of a where the nature of the solution

changes?
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lc. Two sequences {zn}ns1, {¥n}n>1 of positive numbers are said to be asymptotic if
lim,, (Tn/yn) = 1. This is denoted Tn ~ Yn.

i) Prove that if z,, ~ y,, and Y mey Tn = 00 then

n n
z:ck ~ E Yk -
k=1 k=1

ii) Show that for each a > 1 there exist positive constants c; (a),

n k n+l n
a a a
kE_] ? ~Ci (G)./l. _I_ dr ~ CQ(G) - .

Compute ¢;(a) and ¢;(a) as explicit functions of .

cz2(a) such that

2c. Define a vector field X on R2 by

d d
X—yé;—még.

i) Find all points of R? at which X is tangent to the curve 2z% — 4zy + 3y = 1.
ii) Determine the Lie derivative of 3z° dz — 32 dy in the direction of the vector field X.
iii) Let M be a smooth manifold, w a smooth differential form on M, and X a smooth

vector field on M. Give Cartan’s general formula relating the exterior derivative of w to
the Lie derivative of w in the direction of X.




3c. Let L C C be a lattice; let X = C/L, a Riemann surface of genus 1.

i) Show that any holomorphic map f : X — X is induced from a map z+—az+bonC
for suitable a,b € C.

ii) Let 71, 79 be distinct holomorphic automorphisms of X of order 2, and let 0 = 179
Assume that each of 11,7, has fixed points on X. Prove that o has no fixed points.

4c. i) Let C1, C; be two distinct irreducible curves in CP2?. Define the intersection multi-
plicity I(P;C,C3) of C;,C; at a point p € C; N C5, and state Bezout’s theorem.

ii) Using Bezout’s theorem, prove that there exist finite sets of points in CP? whose
homogeneous ideal cannot be generated by two elements.

oc. A finite group G will be said to have “property R” if, for all 9 € G and every integer
n relatively prime to the order of G, the group elements g and g" are conjugate in G.

i) Give infinitely many non-isomorphic examples of finite groups having property R.
ii) If G has property R, prove that for every finite-dimensional representation

p:G— GL,(C)

of G we have Trace(p(g)) € Z for all g € G.

6c. Among the three compact surfaces Sy, S,, S3 drawn below, for which pairs {i,7} are
S; and S; homeomorphic? Justify your answer.
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1. For any linear transformation T : C* — C", let A(T) be the algebra of linear maps
C™ — C™ that commute with T". Give necessary and sufficient conditions on two semisimple
(i.e., diagonalizable) linear maps S,T : C* — C" for A(S) to be isomorphic to A(T) as
algebras.

2. Let X and Y be compact connected oriented 3-manifolds, with m;(X) = Z/5Z and
m(Y) = Z/10Z. Find H,(X x Y,Z) for all n > 0.

3. Prove that if the closed unit ball of a Hilbert space V' is compact, then V is finite-
dimensional.

4. Let C C PZ be the Fermat guartic, that is, the Riemann surface
C = {[X,Y,2): X*+Y*+ Z* =0}.

a. What is the genus of C?
b. Let z = X/Z and y = Y/Z. Show that the meromorphic 1-form on the open set
Z # 0 of C given by
dx
v
extends to a global holomorphic 1-form on all of C, and that the forms zw and yw do as
well. Show that {w,zw,yw} is a basis for the space of global holomorphic 1-forms on C.
c. Prove that C is not hyperelliptic, that is, there does not exist a meromorphic
function on C with exactly two poles.

w =

5. Evaluate the integral

® cosz dz
5 = for a>0.
0 a4+
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6. For any topological space X, we define the symmetric square S?X of X to be the
quotient of the product X X X by the involution exhanging factors—that is, the set of
unordered pairs of points of X, given the quotient topology. For the following, let X be a
compact 2-manifold.

a. Prove that S%X is a 4-manifold. Under what conditions is it orientable?

b. Find the Euler characteristic of S?2X in terms of that of X.

c. Describe S2X explicitly in case X is the 2-sphere.
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1. Describe (as a direct sum of cyclic groups) the cokernel of the map ¢ : Z3 — Z3 given
by left multiplication by the matrix

2. Let X be the space obtained from the sphere
§?* = {(z,y,z: 22 +y2 + 22 =1}

SR
Co oo
© o w

by identifying (1,0, 0) with (—1,0,0) and also identifying (0,1,0) with (0,—1,0). Let Y be
the torus S* x S?, and let Z be the space S? v S* v S obtained by attaching two circles

to S1:

a. Compute the cohomology groups of these three spaces.
b. Classify them up to homotopy type.

3. Let K be the splitting field of the polynomial z* — 2 over Q, and let G be the Galois
group of K over Q.

a. Show that G is a dihedral group.

b. Describe all subfields of K.



Wed. Feb. 18, '98 - Day Two - P. 2

4. Find the Fourier series for the function f : R — R given by
f(t)=t for —wr<t<m

and

f(t+2m) = f(t) for all t.
Deduce from this the values of the sums

1
Yo s =
g ot
and
L
4 9 16

5. Let X = CP! = CU {00} be the Riemann sphere. Show that every biholomorphic map

X — X is given by a linear fractional transformation z +— ——"'—:: =1

6. Let m and n be positive integers, and k a positive integer less than m or n. Let
N = mn — 1, and realize the projective space P as the space of nonzero m x n matrices
modulo scalars. Let Xx C ]PN be the subset of matrices of rank k or less.

a. Show that Xj is an algebra.lc subvariety (that is, closed algebraic subset) of PY.

b. What is the dimension of X;?

c. Show that X is irreducible.
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1. Consider the ring R = Clz, y, 2].
a. Describe all maximal ideals in R.
b. Describe all minimal prime ideals in R.
c. Give an example of a prime ideal that is neither maximal or minimal.

2. Let K C R2 be the trefoil knot, as pictured:

a. Find a finite presentation of the fundamental group m; (R?\ K) of the complement
of K in R3.
b. Show that 7 (R®\ K) admits a presentation with two generators X and Y and one

relation XY X =Y XY.
c. Find a surjective homomorphism from 71(R? \ K) onto the symmetric group G3

on three letters.
d. Show that K is knotted.

3. Show that

1 30
1+ C
_ = 14+ — wher 0<e<].
,/(; 1+:cs°dI 30 ©



Thurs. Feb 19, 98 - Day Three - P. 2

4. Let C C R3 be the curve given by the equations y = 22 and z = zy. Find the osculating
plane to C at the point (1,1,1) € C, and compute the curvature and torsion of C at that

point.

5. Find the Laurent expansion

around 0 of the function

a. valid in the open unit disc {2 : |z| < 1}; and
b. valid in the complement {z : |z| > 1} of the closed unit disc in C.

6. Let G4 be the symmetric group on four letters. Give the character table of G4, and

explain how you computed it.
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1. Classify all groups of order 55.

2. Let X be the topological space obtained by identifying the two boundary components
of S™ x I via the antipodal map—that is,

X = 8" x1/(z,0)~ (-z,1)Vz € S™.

Find the homology groups of X.

3. Evaluate

f‘” CoST
—dz.
—eo 1 T+ T

4. Let V be the vector space of all homogeneous polynomials F'(X,Y, Z) of degree d in
three variables over C, and let PV = P(*3")~ be the projective space of such polynomials
mod scalars.

a. Let ¥ C PV be the set of reducible polynomials, that is, products of polynomials
of lower degree. Why is £ an algebraic subvariety of PV?

b. Let F},...,F4 be any d homogeneous polynomials of degree d in three variables
over C. Show that there exists scalars c;,...,cq € C, not all zero, such that 3 F; is
reducible.

5. a. State the open mapping theorem.

b. Let ¢ : V — W be a linear map of Banach spaces. Suppose that whenever v; € V is
a sequence of vectors such that v; — 0 in V and ¢(v;) — w for some w € W, then w = 0.
Show that ¢ is continuous.



Cot 14 17
'b,ylf-z.

6. For any pair of real numbers a and b, let M, ; be the matrix

a b ... b
b a b
Mop = | . . . .
b b ... a

with entries a on the diagonal and b off the diagonal.
a. What are the eigenvalues of M, ;?
b. For what values of a and b does the limit lim, o (M, )™ exist?
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1. Let X and Y be compact orientable 2-manifolds of genus g and h respectively, and let
f:X — Y be any continuous map. Assuming that the degree of f is nonzero (that is, the
induced map f, : H3(X,Z) — H,(Y,Z) is nonzero), show that g > h.

2. Let V = C? be the standard representation of the group SL(2,C), and let V®" be the
n*® tensor power of V. How many factors are there in the expression of V®? as a direct
sum of irreducible representations? How about V®3 and V®4?

3. Define a sequence of integers ¢, for n > 0 inductively by setting co = 1 and

n-1
Ch = Z CiCn—1-i

=0
for n > 1. Show that
(2n)!

“ = An+1)

4. Let L be the splitting field of the polynomial f(z) = z — 3z% + 1 over Q, that is, the
field obtained by adjoining to Q all four roots of f. Find the Galois group of L over Q.



Oct 15~ a7
Oay -
5. Let £ C [0, 1] be a Lebesgue measurable subset. Define the density function f(t) of the
subset T for ¢ € (0,1) by
f(t) = limsup lp(z N[t—et+e).
e—0 2€

a. Show that f(t) = 0 or 1 almost everywhere.
b. Show that for any z € [0, 1],

f: f(t)dt = p(ZNo,z]).

6. For any z € C\ Z, consider the limit

=1
f(z) = Nli—?lm( Z z+n) )

n=—N

a. Show that this limit converges.
b. Show that for z € C\ Z, f(z) = 7 cot(7z).



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Thursday, October 16, 1997 (Day 3)

1. Express (Z/144Z)* (that is, the group of units in the ring Z/144Z) as a product of
cyclic groups. How many elements of order 4 are there in this group?

2. Let X C R® be a smooth oriented surface (not necessarily compact), and let g : X — 52
be the Gauss map, assigning to each point p € X the unit normal vector to X at p. We
say that a point p € X is parabolic if the differential dg(p) : TpX — Ty()S? is singular.

a. Find an example of a surface X such that every point of X is parabolic. Why can’t
such a surface be compact?

b. Suppose now that the locus of parabolic points on X is a smooth curve C, and
suppose that at every point p € C the tangent line 7,C C T, X to C coincides with the
kernel of dg(p). Show that C must be planar.

3. Let Q C C be the open set given as
= {z€C:|z|]<2and |z-1]| >1}.

Find a conformal map of Q2 onto the unit disc {z : |z] < 1}.
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4. Let X = 5% V RP? be the wedge of the two-sphere and the real projective plane (that
is, the space X = $% URP?/p ~ ¢ obtained from the disjoint union of S and RP? by
identifying a point p € S? with a point ¢ € RP?).
a. Find the homology groups of X.

b. What is the universal covering space of X?
c. Find the homotopy groups 7;(X) and m(X).

5. Let C be the space C[0,1] of continuous real-valued functions on the unit interval
[0,1] C R, with the norm || f|lcc = max_¢o,1)|f(z)|- Let C* be the space of functions on
[0, 1] with continuous first derivative, with the norm || f|| = || flleo + ||f']lco- Show that the
inclusion of C! in C is a compact operator.

6. Let M be a compact C* manifold and f : M — R a C* function. For every value o of
f, let

L, =f _1(0)
be the corresponding level set, and

My = f7}((~00,q)).

Assume that for some pair of values & < f of f, the differential df(p) is nonzero for all
p € f~!([a, B]). Show that

a. L, is diffeomorphic to Lg; and

b. M, is diffeomorphic to Mp.
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Tuesday, February 25, 1997 (Day 1)

1. Factor the polynomial z2 — z + 1 and find the Galois group of its splitting field if the
ground field is:

a)R, b)Q, c)Z/2Z.

2. Let A be the n x n (real or complex) matrix

0 1 0 0
0 0 1 0
0 0 0 ..o 3
1/n 1/n 1/n ... 1/n

Prove that as k — oo, A* tends to a projection operator P onto a one-dimensional sub-
space. Find ker P and Image P.

3. a. Show that there are infinitely many primes p congruent to 3 mod 4.
b. Show that there are infinitely many primes p congruent to 1 mod 4.

4. a. Let Ly, L; and Ly C P} be three pairwise skew lines. Describe the locus of lines
L C P meeting all three.

b. Now let Ly, Ly, L3 and Ly C P be four pairwise skew lines. Show that if there
are three or more lines L C P2, meeting all four, then there are infinitely many.

5. a. State the Poincaré duality and Kunneth theorems for homology with coefficients in
Z (partial credit for coefficients in Q).

b. Find an example of a compact 4-manifold M whose first and third Betti numbers
are not equal, that is, such that H*(M, Q) and H3(M, Q) do not have the same dimension.
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Wednesday, February 26, 1991(Day 2)

1. Define a metric on the unit disc {(z,y) € R? : 22 + y? < 1} by the line element

s = dr? + r2d6?
=2y
Here (r,6) are polar coordinates and p is any positive real number.
a. Compute the connection form relative to the orthonormal frame

i dr g _  rdf
CE0-rprr T -z

b. Compute the second fundamental form for the circle r = 1/2.
c. For which p is this circle a geodesic?
d. Compute the Gaussian curvature of this metric.

2. Let C be the space C[0.1] with the sup norm ||f||ec. Let C! be the space C![0,1] with
the norm ||f|| = ||fllec + ||f'||sc- Prove that the natural inclusion C* C C is a compact

operator.

3. Let X be a compact Riemann surface, and let f and g be two meromorphic functions
on X. Show that there exists a polynomial P € C[X,Y] such that P(f(z),g(z)) =0.

4. Let S® = {(z,w) € C? : |z|* + |w|? = 1}. Let p be a prime and m an integer relatively
prime to p. Let ¢ be a primitive p*" root of unity, and let the group G = Z/pZ act on S*

by (¢, (z,w)) — ((z.(™w). Let M = S53/G.
a. compute 7;(M) for i = 1, 2 and 3.
b. compute H;(M,Z) for i = 1, 2 and 3.
c. compute H(M,Z) for i = 1, 2 and 3.
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5. Let d be a square-free integer. Compute the integral closure of Z in Q(Vd). Give an
example where this ring is not an integral domain.

6. Prove that

==}
sin 7z ; (z - ‘")2



. QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Thursday, ‘Feb: 37,97 (Day 3)

1. Let a: (0,1) — R? be any regular arc (that is, a is differentiable and o’ is nowhere zero).
Let t(u), n(u) and b(u) be the unit tangent, normal and binormal vectors to a at a(u).
Consider the normal tube of radius € around a, that is, the surface given parametrically
by

#(u,v) = a(u)+ ecos(v)n(u) + esin(v)b(u).

a. For what values of ¢ is this an immersion?
b. Assuming that « itself has finite length, find the surface area of the normal tube
of radius € around a.

The answers to both questions should be expressed in terms of the curvature x(u) and
torsion 7(u) of a.

2. Recall that a fundamental solution of a linear partial differential operator P on R™ is
a distribution E on R™ such that PE = § in the distribution sense, where § is the unit
Dirac measure at the origin. Find a fundamental solution FE of the Laplacian on R3

3 62

that is a function of r = |z| alone. Prove that your fundamental solution indeed satisfies
AE = 8.

Hint: Use the appropriate form of Green’s theorem.

3. The group of rotations of the cube in R® is the symmetric group S; on four letters.
Consider the action of this group on the set of 8 vertices of the cube, and the corresponding
permutation representation of S; on C8. Describe the decomposition of this representation
into irreducible representations.
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4. Suppose a;, i = 1,...,n are positive real numbers with ay+...+a, = 1. Prove that
for any nonnegative real numbers \,, ..., \,,

with equality holding only if A\; =... = A,.

5. a. For which natural numbers n is it the case that every continuous map from PZ to
itself has a fixed point?

b. For which n is it the case that every continuous map from P}, to itself has a fixed
point?

6. Fermat proved that the number 237 — 1 = 137438953471 was composite by finding a
small prime factor p. Suppose you know that 200 < p < 300. What is p?
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Tuesday, October 15, 1996 (Day 1)

1. Find the homotopy groups 7x(CP") of complex pfojective n-space
a) for k < 2n+1; and
b) for k = 2n + 2.

2. Consider the Banach space X = C|a, b] of continuous functions on the interval [a,] C R
with the supremum norm ||-[|syp. Let K be a continuous function on [a,}] x [a,b], and
define an integral operator T': X — X by

b
@@ = [ KEnieay.

Prove that T is an operator norm limit of operators of finite rank. (The operator S is of
finite rank iff dim(Im(S))< oc.)

3. Are the following pairs of domains conformally equivalent? Prove your answer in each
case.

a) The complex plane C and the disc D = {z € C: |z| < 1}.

b) The punctured complex plane C* = {z € C : 0 < |z|} and the punctured disc
D*={2€C:0< 2] <1}

c¢) The complex plane with a closed disc removed (that is, X = {z € C:1 < |2|}) and
the punctured disc D* = {z € C:0< |z| < 1}.

4. Let p be a prime and let G be the group Z/p*Z & Z/p*Z.
a) How many subgroups of order p does G have?
b) How many subgroups of order p? does G have?
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5. The unitary group U(n) is the multiplicative Lie group of n X n complex matrices A

such that A4’ = J (}71't is the transpose of the complex conjugate of A, and I is the n x n
identity matrix).
a) What is the dimension of U(n) as a real manifold?

b) Let X = {4 € U(n) | A2 = I'}. How many connected components does X have?
c¢) What is the dimension of each connected component of X?

6. a) Define the Gaussian curvature K(p) and the mean curvature H (p) of a surface
S CR?atapoint p€ S.

b) Let ¢ — (z(t),y(t)) be a curve in the upper half plane parametrized by arc length

(that is, such that y-> 0 and z’2 + 2 = 1), and consider its surface of revolution,
parametrized by

(¢,6) — (z(t), y(t) cosh, y(t) sin#).
Find H and K of this surface.
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Wednesday, October 16, 1996 (Day 2)

1. Let X = S\ {p} be a two-holed torus with one point removed. How many connected
covering spaces of degree 2 does X have?

2. Let (X,F,p) be a measure space with u(X) < co. Let p > 1 and let (fa)n>1 be an
L?-bounded sequence. Assume f, — 0 in measure, that is,

Ve>0 lim u(lfal 26 =

Show that f, — 0 in £1.

3. Evaluate /i
o t
,/; (141)2 i

4. Let k be a field of characteristic p > 0..

a) Show that the function F(z) = zP induces an injective field homomorph:sm F:
k= k.

b) Assume that F' : k — k is surjective, and let f(z) be an irreducible polynomial in
k[z]. Let E be an extension field of k, and o an element of E. Show that (z — a)? does
not divide f(z) in E[z].

c) Assume again that F : k — k is surjective, and that E is a field extension of finite
degree over k. Show that F : E — FE is also surjective.
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5. Let M C R" be an n-dimensional submanifold of N-dimensional Euclidean space, and
let v : [a,b] = M C R" be a C* arc of finite length on M. We will say that v is a
geodesic on M if it is a critical point for the length function; that is, if for any C* map
I': (—¢¢€) x [a,b] = M with T'(0,t) = 4(t) for all t and I'(A,a) = v(a) and I'(\, b) = ¥(b)

for all A, the length function
I(A) = length(yx =T(\,t) : [a,8] = M )

has derivative zero at A = 0.
Assume that ll%}" = 1. Prove that v is a geodesic iff

&y
a?

is normal to M at 4(t) for all ¢.

6. Define a sequence of complex numbers by

- =91 _ On-2 ... H
Evaluate the limit
lim Zntl
n—co Qn

Hint: consider the function f(2) = Yo7 ;anz".



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Thursday, October 17, 1996 (Day 3)

1. Let T = D? x S be a solid torus, and let S C T be a submanifold homeomorphic to
S! and such that the generator of m (S) is n times the generator of 71 (T). For example,
in terms of coordinates (2,6) on T' = D? x S*, you could take the image of the arc

e
¢H(T:n¢); OS¢527T.

Let X =T\ S be the complement of S in T.

a) Find the Euler characteristic y(X).
b) Find the homology groups H;(X, Z).

2. Recall that the Fourier transform of a function ¢(t) is defined to be the function

B(u) = ]R e~ (t) dt

a) Find the Fourier transform ¢ of the function o(t) = 1/(t* + 1).

b) Let ¢ : R — R be a Schwartz class function (that is, g is C* and all of the
derivatives of g decay at infinity faster than the reciprocal of any polynomial). Consider
the differential equation

(1) f(t) = £(t) = g(2).

Find a solution to (1) of the form

(2) folt) = / _ Kugw)du

and describe the general solution of (1).

3. Find a pair of integers (z,y) with y # 0 satisfying the equation

2 -17y% = 1.
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4. Let f(z) be a holomorphic function on the unit disc D = {z € C:|z| < 1}, such that

|f(2)] <1 forallze D

and

Show that

5. Let V be a finite-dimensional vector space over a field k, and assume that chark # 2
and that dimV > 3. Let A2V be the exterior square of V, that is, the k-vector space
spanned by vectors of the form v Aw for v, w € V, subject to the relations (a € k):

VAW=—=(WAV), (av) Aw=a(vAw), (Vi+Vv2) Aw=(vi AW)+ (v2 Aw).
Let T:V — V be a linear transformation. T gives rise to a linear transformation
Ty : N2V = \?V

defined by
TIy(v Aw) = (Tv) A (Tw).

Non-zcro

Show that if 75 is multiplication by a/{cala.r then so is T'. Is this result true if dim V = 27

6. Let d be any integer and K any algebraically closed field. Recall that the set of
plane curves C C P% of degree d is parametrized by the projective space P¥ of nonzero
homogeneous polynomials F € K [X,Y, Z] of degree d modulo scalars (N = (‘*{2) -1).

a) Let A C P¥ be the subset corresponding to singular curves. Show that for d > 2,
A is a hypersurface in P¥.

b) Let F and G € K[X,Y, Z] be linearly independent homogeneous polynomials of
degree d > 1. For each point ¢t = [to,t1] € P, set F, = toF +t,G and let C, C P% be
the plane curve defined by the polynomial Ft. Show that for some ¢ € P}, the curve C; is
singular.

g .
=1 "
oo

e 2C’.- -
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Tuesday, March 12 (Day 1)

1. Let X be a compact n-dimensional differentiable manifold, and ¥ € X a closed sub-
manifold of dimension m. Show that the Euler characteristic x(X \Y’) of the complement
of Y in X is given by

X(X\Y) = x(X)+ (-1)* ™ x(Y).

Does the same result hold if we do not assume that X is compact, but only that the Euler
characteristics of X and Y are finite?

2. Prove that the infinite sum

'tsl'—'
I\Dll—'
c.ol»—-
(‘.ﬂll---
+

2
p prim
diverges.

3. Let h(zx) be a C* function on the real line R. Find a C* function u(z,y) on an open
subset of R? containing the z-axis such that

ou Bu_ 2
3: 2——u

and u(z,0) = h(z).

4. a) Let K be a field, and let L = K(a) be a finite Galois extension of K. Assume that
the Galois group of L over K is cyclic, generated by an automorphism sending o to a + 1.
Prove that K has characteristic p > 0 and that o? —a € K.

b) Conversely, prove that if K is of characteristic p, then every Galois extension L/K
of degree p arises in this way. (Hint: show that there exists § € L with trace 1, and
construct « out of the various conjugates of 3.)



[

5. For small positive a, compute

/"" z%dr
0 I2+I+1.

For what values of a € R does the integral actually converge?

6. Let M € Mn(C) be a complex n x n matrix such that M is similar to its complex

conjugate M; i.e., there exists 9 € GL,(C) such that M = gMg=1. Prove that M is
similar to a real matrix M, € M..(R).
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Wednesday, March 13 (Day 2)

N MAR 1396

1. Prove the Brouwer fixed point theorem: that any continuous map from the closed n-disc
D™ C R™ to itself has a fixed point.

2. Find a harmonic function f on the right half-plane {z € C | Re z > 0} satisfying

2 s J1 Hy>0
ag rera={1y 2330

3. Let n be any integer. Show that any odd prime p dividing n? + 1 is congruent to 1
(mod 4).

4. Let V be a vector space of dimension n over a finite field with g elements.
a) Find the number of one-dimensional subspaces of V.
b) For any k:1 < k < n— 1, find the number of k-dimensional subspaces of V.

5. Let K be a field of characteristic 0. Let PV be the projective space of homogeneous
polynomials F(X,Y, Z) of degree d modulo scalars (N = d(d+ 3)/2). Let W C PV be the
subset of polynomials F of the form

d
F(X,Y,2) = [[L«(X,Y,2)

i=1

for some collection of linear forms L,,...,Lq.
a. Show that W is a closed subvariety of PV.
b. What is the dimension of W?

c. Find the degree of W in case d = 2 and in case d = 3.
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6. a. Suppose that M — R™*+! jsan embedding of an n-dimensional Riemannian manifold
(i.e., M is a hypersurface). Define the second fundamental form of M.

b. Show that if M C R™*! is a compact hypersurface, its second fundamental form

Is positive definite (or negative definite, depending on your choice of normal vector) at at
least one point of M.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Thursday, March 14 (Day 3)
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1. In R3, let S, L and M be the circle and lines

S={(z,9,2) : 2*+9y* =1; z=0}
L = {(z,y,2) : 2=y =0}

1
= {=y,2):2=3; y =0}

respectively.
a. Compute the homology groups of the complement R? \ (S U L).
b. Compute the homology groups of the complement R3\ (SU L U M).

2. Let L, M, N C P2 be any three pairwise disjoint lines in complex projective threespace.
Show that there is a unique quadric surface Q C P2 containing all three.

3. Let G be a compact Lie group, and let p : G — GL(V) be a representation of G on a
finite-dimensional R-vector space V.

a) Define the dual representation p* : G — GL(V™®) of V.

b) Show that the two representations V and V* of G are isomorphic.

¢) Consider the action of SO(n) on the unit sphere S*~! C R™, and the corresponding
representation of SO(n) on the vector space V of C*® R-valued functions on S*~!. Show
that each nonzero irreducible SO(n)-subrepresentation W C V of V has a nonzero vector
fixed by SO(n — 1), where we view SO(n — 1) as the subgroup of SO(n) fixing the vector
©,...,0,1).

4. Show that if K is a finite extension field of Q, and A is the integral closure of Z in
K, then A is a free Z-module of rank [K : Q] (the degree of the field extension). (Hint:
sandwich A between two free Z-modules of the same rank.)



5. Let n be a nonnegative integer. Show that

=71 1 #fn=0 (mod3)
oszlrs:( ) (k) {0 ;f:‘=-2 (:gd 3)

k+il=n

(Hint: Use a generating function.)

=,

6. Suppose K is integrable on R™ and for ¢ > 0 define
K (z) = K().

Suppose that LK =1
a. Show that [, K, =1 and that f]=|>6 |Ke| = 0ase— 0.
b. Suppose f € L?(R™) and for € > 0 let fe € LP(R™) be the convolution

f@) = [ f0)K. e~ say.

Show that for 1 < p < 0o we have

Ife = fll, = 0 as e — 0.

¢. Conclude that for 1 <

P < oo the space of smooth compactly supported functions on
R™ is dense in LP(R").



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Tuesday, October 24, 1995 (Day 1)

1. Let K be a field of characteristic 0.
a. Find three nonconstant polynomials z(t),y(t), z2(t) € K|[t] such that
24yt =2

b. Now let n be any integer, n > 3. Show that there do not exist three nonconstant
polynomials z(t),y(t), z(t) € K[t] such that

4+ Yyt =2"

2. For any integers k and n with 1 < k < n, let

S = {(Z1,--1Zn41) : T +...+Tay =1} C R*H
be the n-sphere, and let D € R™*?! be the closed disc
Di = {(Z1,..-1Tn41) : To+ ...+ T2 <) Tpp1=... = Tp41 =0} C R™*1,

Let Xkn = S™ U Dy be their union. Calculate the cohomology ring H*(Xk;n,Z).

3. Let f : R? — R be any C* map such that

8%f 8%*f
32 T o

Show that if f is not surjective then it is constant.

= 0.

4. Let G be a finite group, and let 0,7 € G be two elements selected at random from G
(with the uniform distribution). In terms of the order of G and the number of conjugacy
classes of G, what is the probability that o and 7 commute? What is the probability if G
is the symmetric group Ss on 5 letters?



5. Let Q2 C C be the region given by
Q={z:]z-1<1 and |z-i|]<1}.

Find a conformal map f: 2 — A of Q onto the unit disc A = {z: |z| < 1}.

N
&

6. Find the degree and the Galois group of the splitting fields over Q of the following
polynomials:

a. 26-2

b. z6+3



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Wednesday, October 25, 1995 (Day 2)

1. Find the ring A of integers in the real quadratic number field K = Q(v/5). What is the
structure of the group of units in A? For which prime numbers p € Z is the ideal pA C A
prime?

2. Let U C R? be an open set.
a. Define a Riemannian metric on U.
b. In terms of your definition, define the distance between two points p,q € U.
c. Let A = {(z,y) : 2+ y® < 1} be the open unit disc in R?, and consider the metric
on A given by
dz? + dy?

o0
Show that A is complete with respect to this metric.

ds®

3. Let K be a field of characteristic 0. Let PV be the projective space of homogeneous
polynomials F(X,Y, Z) of degree d modulo scalars (N = d(d+ 3)/2). Let U be the subset
of PV of polynomials F whose zero loci are smooth plane curves C C P? of degree d, and
let V c PV be the complement of U in PV, '

a. Show that V is a closed subvariety of PV.

b. Show that V c PV is a hypersurface.

c. Find the degree of V' in case d = 2.

d. Find the degree of V for general d.

4. Let PR be real projective n-space.

a. Calculate the cohomology ring H*(Pg,Z/2Z).

b. Show that for m > n there does not exist an antipodal map f : S™ — S™, that is,
a continuous map carrying antipodal points to antipodal points.



5. Let V be any continuous nonnegative function on R, and let H : L*(R) — L*(R) be

defined by o
H(f) = 525 +V 5.

a. Show that the eigenvalues of H are all nonnegative.
b. Suppose now that V(z) = 3z? and f is an eigenfunction for H. Show that the
Fourier transform -
o) = [ e
)

is also an eigenfunction for H.

6. Find the Laurent expansion of the function

1
z(z+1)

f(z) =

valid in theannulus 1 < [z - 1| < 2.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
Thursday, October 26, 1995 (Day 3)

1. Evaluate the integral

® sinz

0 I

2. Let p be an odd prime, and let V be a vector space of dimension n over the field F,
with p elements.
a. Give the definition of a nondegenerate quadratic form Q : V — F,
b. Show that for any such form Q there is an € € F, and a linear isomorphism
¢:V — I
v — (Ilt"-:xﬂ)

such that Q is given by the formula
Q(z1,%2y.-,%n) = 23+ 23 +...+ T2 +ez,
c. In what sense is € determined by Q7

3. Let G be a finite group. Define the group ring R = C[G] of G. What is the center of
R? How does this relate to the number of irreducible representations of G? Explain.

4. Let ¢ : R® — R"™ be any isometry, that is, a map such that the euclidean distance
between any two points z,y € R™ is equal to the distance between their images ¢(z), #(y).
Show that ¢ is affine linear, that is, there exists a vector b € R™ and an orthogonal matrix
A € O(n) such that for all z € R",

#(z) = Az +0b.



5. Let G be a finite group, H C G a proper subgroup. Show that the union of the
conjugates of H in G is not all of G, that is,

G # |JoHg™
9€G

Give a counterexample to this assertion with G a compact Lie group.

6. Show that the sphere $2" is not the undérlying topological space of any Lie group.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
March 15, 1995 (Day 1)

1. Describe the structure of the group of automorphisms of a cyclic group of order 600.

2.
a) Find the Fourier series for the periodic function given by
f(t) =1 for -r<t<m
f(2r +t)= f(t) forall t.
b) Deduce from this series the value of

1,1 1
1+ = +— +

R

3. Let f be a holomorphic function on a domain containing the closed disc {z : |z| < 3},
such that

f(1) = f(2) = f(-1) = f(=i) = 0.
Show that

10| < g5 maxlf(a)l

Find all such functions f for which equality holds in this inequality.

(continued other side)



Day 1, 2/21/95

4. Describe the geodesics on the upper half plane relative to the metric

_ dz? +dy?

ds? 72

5. Let f and g be entire holomorphic functions satisfying the identity

fzP =g(2)° -1

for all z € C. Show that f and g are constant. Would the same conclusion be valid if

f and g were assumed to be entire meromorphic functions?

Hint: think about the algebraic curve y* = z° — 1.

6. Let Y be a metric space.
a) Show that every open covering of " has a finite subcovering if and only if every
infinite sequence in Y has a convergent subsequence.
b) Is this true in general (i.e., non-metric) topological spaces? If not, give a counter-

example.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
March 16, 1995 (Day 2)

1.) Prove the Banach fixed point theorem:

If (M,d) is a complete metric space, f : M — M, and there exists a 0 < k < 1 such
that

d(f(z), f(y)) £ k d(z,y).
Then f has a unique fixed point.

What can we say if we assume only that

d(f(2), f(y)) < d(z,y) Vz#y?

a) Let f: X — Y be a surjective algebraic map of two smooth projective curves
over C. What is the relation between the genus of X and ¥V and the branching
of f.

b) Show that the curve z* + y® 4+ 2* = 0 in CP? is homeomorphic to a torus by

explicitly constructing a projection to CP! and using part a).

3. Let A* be the standard 4-simplex:

4
AV = {(zo.zl,zz,xs,n)eﬂslzi20V:', Zz,—:l} .

=0
Let X be its 2-skeleton:

X = {(zo,:;,zg,:s,z4) € A‘|z.- =z;=0 forsome 0<i<;< 4} .

Compute 7 (z) and m(X).
(continued other side)
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4. Suppose f : R — R is infinitely differentiable and satisfies

forallz€R all n > 1. Prove f is constant.

5. Let 6 be a complex root of the equation
2 -3z +3=0.

a) Prove that the additive group of the ring Z[6)] is finitely generated. Is it a free
Z-module?
b) Prove that the additive group of the ring Z[#~!] is not finitely generated.

6. Find a conformal map of the slit unit disc
{z:0<|2z| <1, O<argz<2r}

to the unit disc {w : Jw| < 1}.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
March 17,1995 (Day 3)

1. Find a homogeneous linear differential equation of order two of which y = e* and

Y = z + z? are two independent solutions.

2. Compute: ¢
f‘” (log z)%dz
o (Q+2%)°

3.
a) Let f(t) = amt™ + -+ + ao and g(t) = bat™ + - - + by be polynomials of degree
m and n with coefficients in a field F. Show that f and g have a common factor

if and only if the determinant of the (m + n) x (m + n) matrix below vanishes:

(ao a; . : . am 0 0 s e e 0\
0 @ - + * @Gm-1 @Gm O - - - 0
: o o - - - ag ag a - - - @am | _
WPl B v v w Byug B O omw O™
0 b b - - buz baey o O - - 0
\0 0 - - b by by bs - - - bn)

b) Do this for a pair of polynomials with coefficients in an integral domain R.
c) Let f(z,y) and g(z,y) be polynomials in two variables over C, having no common

factors. Show that f and g have at most a finite number of common zeroes.

(continued other side)
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4. Construct a noncommutative group of order 8, and compute its character table.

5. Let S? be the 2-sphere, T' = S? the torus, and Z the compact orientable surface of
genus 2,
a) Does there exist a continuous map f : S? — T' not homotopic to a constant?
b) Does there exist a continuous map f : S — Z not homotopic to a constant?

c) Does there exist a continuous map f: T — Z not homotopic to a constant?

Justify your answers.

6. Let X C P" be an /-dimensional projective variety. Denote by G the Grassmannian
G(k,n) of k-planes in P", and let Z C G be the subset of k-planes meeting X, i.e.,

Z={A€eG:ANX #0}.

a). Show that Z is a closed subvariety of G.
b). What is.the dimension of Z?
c). Show that Z is irreducible if and only if X is.

d). In case X is simply a linear subspace of P", what is the singular locus of Z?



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
October 11, 1994 (Day 1)

1. Let V C W be complex vector spaces of dimensions k and n respectively, and PV C
PW the corresponding projective spaces of one-dimensional subspaces of V and W.
Find the cohomology ring H*(X,Z) of the complement X = PW \ PV.

2. Let K be an algebraically closed field of characteristic p > 0, and let ¢ = p/.
a). Show that the solutions of the equation z = z form a subfield F C K.

b). How many solutions of the equation

22—y’ =1

- are there with z,y € F? (Be careful to distinguish the case p = 2.)

3. Let C°(]0, 1]) be the Banach space of continuous functions on [0,1] with norm
If —gll= sup |f(z)-g(z)I
z€[0,1]
Let K :[0,1] x [0,1] — R obey
sup (1K |(z,9) + | = K(2,4)) < 10.
(z.) -
Define H : C°([0,1]) — C°([0,1]) by

1
(Hf)(z) = fo K(z,)f(y)dy.

(a) Prove that H is a bounded operator.
(b) Let {f}=, € C°([0,1]) be & bounded sequence. Prove that {Hf;}i2, has a
convergent subsequence.

Continued other side
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4. Give examples of
n 1) An integral domain R which is not integrally closed in its quotient field K, and
its integral closure Rin K.
2) An Artinian local ring of length n, for any n 2 1in Z.
3) Two non-zero Z-modules M and N, with M@ N =0.
4) A discrete valuation ring with quotient field Q. '

5. Show, by the method of residues, that

/"___d"__..__L a>b>0
, a+bsinf a?-—52 '
mnta
0 t

6. a). Show that a compact, connected complex Lie group is abelian.

b). Describe such groups.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
October 12, 1994 (Day 2)

r 1. Let Z/nZ be the cyclic group of order n > 1. (Z/'yZ’ M .
/2) Show that the automorphism group 4 = Aut(Z/nZ) is abelian, and determine its
r structure. w"-‘_""’"“ > e 4:3’__.’-'. = ol I’W"ﬁ gL
vb) What is the oi-@e'r of the aﬁtomorphism group of the finite group G =Z/5¢g Z/&;
F Is the group Aut(G) abelian? Mizfeg o, :
R (R Y S ES By, =
= s | =
2. Let f be a continuous complex valued function on R/Z with Fourier expansion
r flz) = Zanezws‘u.
nez :
o va) Given an integral formula for the Fourier coefficients a,,.
vb) If f has P continuous derivatives, show that for n #0, [an] < T%’;, where Cy is a
r constant depending on f.
-
3. Let S C R® be a smooth surface.
- -va) Define the Gaussian curvature of S at a point p € .
¥b) Show that if S is compact, then it contains a point p of positive Gaussian curvature.
-

~ \/V( Let S, be the symmetric group on n letters, and let a, be the number of elements of

Sn having at least one fixed point. What is the limit of the ratio a,/n!

as n — oo?
- %
- Continued other side
r ¢ a
i .
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5. Let G be a finitely presented group.
J ) Show that there is a topological space X with fundamental group m,(X) = G.

JQS) Give an example of X in case G =Z % Z is the free group on two generators.
;! |() How many connected, 2-sheeted covering spaces of X are there?
3 .
N
2 _
6. Let V be an n-dimensional complex vector space, and let W = Sym?V* be the vector
,,; space of symmetric bilinear forms on V. Let Wi C W be the subset of forms of rank
: at most k.
4 /) Show that W is an irreducible algebraic variety. .
: ' /b) What s the dimension of Wi? WASEHYY T nu-bok
- /c) What is the singular locus of W;?

I ———

2



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
October 13, 1994 (Day 3)

F-
i 1. Let f(z) be an irreducible polynomial of degree 3 over Q, which has precisely one real
o A
K root.
=
o Va) Show that the splitting field X of f(z) is a Galois extension, with Gal(K/Q)
' isomorphic to the symmetric group on 3 letters. _
. ‘/b). How many extensions L of Q of degree 3 are contained in K? Are any of these
fields normal over Q? 3
-f - v ¢) ey, ez, and a3 are the 3 roots of f(z)in K and B = (g —az)(ez—a3)(a; - a3),
: show that §? lies in Q, but Q(f) is a quadratic extension of Q.
L
o V2. Find a differentiable function f(z) satisfying the differential equation
 ' &£f L4
r it +4f(x) =0
_ such that £(0) = 0 and f/(0) = 1.
=
3. It is a classical fact that a smooth cubic surface in projective space P® (over an
‘_ algebraically closed field) contains 27 lines. Show that by contrast a general quartic

surface S C P? contains no lines.

Continued other side

¥ —
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V4. Let PZ be projective space of dimension m over the real numbers R. Describe the
- cohomology ring H*(PZ x P3,2).
o
* 5.) ?a) Define the radical I of & commutative ring R, and prove that it is aq ideal of R.
r VE) Let Rbea subring of a’'commutative field X, and let P be a proper prime ideal
of R. Put S = R — P. Show that the ring Rs of fractions with denominators in
2 § bas a unique maximal ideal M. How is the field Rs/M related to the integral
Teo oL -
domain R/P? O
o .
-. .
6. Assume that f(z)is analytic in the region 0 < |z| < r. Show that there are constants
" an € C such that ' |
f(z) = Z anz"
Lol . . n€l
uniformly in each closed annulus ¢ < || £ 7 — €. In terms of the coefficients a,,
F va) When does f have an essential singularity at z = ?
*b) When does f have a pole of order N > 1 at z = @?
- - T
vc) When does f have a removable singularity at =z = (?
o Vd) When is f the de::iva£ive of a func'ti_oi_: 9(z) in the region 0 < je] < r. (=2
. ) )
i~
-
- -



Spring 1994 Qualifying Examination — Day 1
Department of Mathematics
Harvard University

(1) Let X, be a2 Riemann surface of genus ¢ = 0,1,....
(a) Describe the universal cover of X,.
(b) List the homotopy classes of maps from 5? into X,.
(c) List the homotopy classes of maps from X, into S2.
(2) Let G be a group. ;
(a) Define the group A = Aut(G) and show that there is a group homomor-
phism G — A whose kernel is the center of G.
(b) If |A| = 1, show that |G| < 2.
(3) Suppose a; and A; (1 < i < n) are positive real numbers, and that ¥ a; = 1.

Prove that .
231)3 2 (Z d.‘l.‘) )
) with equality iff A, =...=A,.
(4) Find complex numbers a, and bn(n ¢ Z) sych that
— ; On
SoyEm “Z_w(z—mr +b)

with uniform and absolute convergence on compact subsets of C — Zx. Use
this series to compute To2, . (Hint: one of the many possibilities is to use
w)dw

the residue theorem and as n — co consider the integral of {'v[(;]:ﬁ over the
square C, with side equal to (2n + 1)x centered at the origin, where f(z) is
an appropriate function constructed from cot z.)

(5) Prove (a simple version of) the Whitney embedding theorem, saying that every
compact smooth n-dimensional manifold M can be embedded in R*"!, by
first showing that M can be embedded in R¥ for some large number N and
then by iteratively reducing the necessary value of N. _

(6) (a) What is the dimension of the projective space P¥ of non-zero homoge-

neous polynomials of degree d in 3 variables, modulo scalars?

(b) Show that the subset of polynomials F(X,Y, Z) such that the zero locus
V(F) C P? of F is not a smooth plane curve of degree d is an algebraic
subvariety of PV,

GOOD LUCK!



Spring 1994 Qualifying Examination — Day 2
Department of Mathematics
Harvard University

(1) (a) Let E be an arbitrary vector bundle on the n-dimensional simplex A".
Show (from basic principles) that E is trivial.

(b) Let E be an (n + 1)-dimensional vector bundle over S*. Show that E
admits a nowhere vanishing cross-section.

(2) Let k be a field and let f(z) be a polynomial in k[z]. Let I be the ideal
generated by f(z) and let A = k[z]/I.

(a) When is A a field?

(b) When is A isomorphic to a product of fields?

(c) If k = Z/pZ (with p a prime) and f(z) = 2z — z, show that A is
isomorphic to a product of fields. Which fields occur and with what
multiplicity? _

(3) (a) Define the Fourier transform f of an integrable function f : R — C.

(b) Show that the Fourier transform of the function f(z) = e~='/? is propor-
tional to that function itself. :

(4) (a) Estimate the asymptotic behavior of a typical solution of the differential
equation
Py +ty' + (3 —4)y =0 @)
near ¢ = 0. (Notice that ¢ = 0 is a regular singular point of @) ).

(b) Notice, however, that on a codimension 1 subspace of the space of solu-
tions of @ , the asymptotic behavior is different. What is the asymptotic
behavior of a non-zero solution belonging to this exceptional subspace?

(5) Let p € R™ be a non-degenerate critical point of a smooth function f: R —
R, and let S be some very small sphere around p. Compute the degree of the
normalized gradient map g: S — S™! defined by

. V()
IVf(z)|
in terms of some higher derivatives of f at p.
(6) Let P™ denote the n-dimensional projective space over some arbitrary ground
field.
(a) Define the Segre map o : P" x P™ — Prmintm,
(b) Show that if n = m = 1, the image of ¢ is a smooth quadric (surface of
degree 2) in P3.

GOOD LUCK!



Spring 1994 Qualifying Examination — Day 3
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Harvard University

(1) Let C be a finite complex of finite dimensional vector spaces,
C: 0-Ch—=Chay—=...=C; = Co—0,
and let H; denote the ith homology of C.

(2) Define ‘an endomorphism of C’.
(b) Let g : C — C be an endomorphism of C. Prove that

3 (~1)tr gle, = i:o(-l)"tr ols.

1=0

(2) Find all natural numbers n > 1 such that e?*/» € C lies in the field Qi) = {a+bi :

a,be Q}.
(3) Compute the integral
o Z1/3
[; T332 dz.
(4) Let (e1,ez) be a basis for C over R.
(2) If f: C — C is an entire function which satisfies f(z + &;) = f(z + €3) = f(z) for
all z € C, show that f is constant.
(b) Construct an example of 2 meromorphic non-constant function f : C — CP! which
satisfies f(z + €1) = f(z + e3) = f(z) for all z € C.
(5) Let w be closed non-degenerate 2-form on some smooth 2n-dimensional manifold M.
(a) Let a function f: M — R be smooth. Show that there exists a unique vector field
Xy on M such that i(X;)w = —df, where i(X[) denotes interior multiplication by
X;. '
(b) Assume that for some function f : M — R the corresponding vector field X/
integrates to a flow exp ¢X;. Show that the resulting flow preserves the volume form
w"/n! corresponding to w; i.e., show that
(xpeXy) (5) =%

n!’

(c) A flow exptX, generated as above is called “a Hamiltonian flow”, and the function

f generating it is called “the Hamiltonian function”. Let S? be the unit sphere in

R?, and let w be the standard volume form of S2. Is rotation around the z-axis a
Hamiltonian flow? If so, what is the corresponding Hamiltonian function?
(6) What is the dimension of the space of holomorphic forms on the Fermat curve

C={X¥+Y¥+2ZV =0} cP??

Bonus: How many rational points are there on C for N > 37

GOOD LUCK!
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Fall 1993 Qualifying Examination — Day 1
Department of Mathematics
Harvard University

(1) Let Y be the space obtained from a triangle by identifying its sides in the
following manner:

a all sides identified
to each other

a

(2) Compute (and justify your computation) the fundamental group of Y.
(b) Describe the universal cover Y of Y in as simple terms as possible.
(c) Compute (and justify your computation) 72(Y).

(2) Let I and J be defined by the definite integrals

T / 20 =2 J=/‘le‘(1fz)‘dz.

1427
(2) Show that
1
0<IgJ= EE-O-
(b) Evaluate / in closed form.
(c) What classical inequality follows?

(3) Define “orientable manifold” and prove that all Lie groups are orientable.

(4) Find with proof all rings A (commutative or not) for which G = A — {0} is
a finite group with A’s multiplication as the group law, and determine the
structure of all groups G which occur in this way.

(3) Let k be a field. Define the general linear group GL(n, k). What is the center
of GL(n,k)? Let PGL(n,k) be the quotient of GL(n, k) by its center.

Define projective space P"~!(k) of dimension (n — 1) over k, and show that
the group PGL(n, k) acts 2-transitively on this space. Show that the action
is triply transitive when n = 2.

(6) Prove the Schwarz lemma, saving that if D is the open unit disk in the complex
plane and f is a holomorphic function on D such that f(0) = 0 and |f(z)] £ 1
for all z € D, then |f(z)| < jz| for all z € D, |f’(0)| < 1, and if one of these
inequalities is an equality then f(z) = ez for some 6 € [0, 27).

GOOD LUCK!
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Fall 1993 Qualifying Examination — Day 2
Department of Mathematics
Harvard University

(1) Let 5? be the two dimensional sphere, and let M be the space of smooth
closed curves in S? (a curve has to have non-zero velocity everywhere; seli-
intersections are allowed). To put a topology on M, parametrize all curves by
normalized arc-length, then use C* topology. How many connected compo-
nents does M have?

(2) In an experiment performed last week in the Harvard University Mathematical
Laboratories, one end of a metallic string of length 27 was held in ice and its
other end was held in boiling water for a long time, until a stable equilibrium
was achieved. Then the string was removed from the ice and the water, was
bent to form a circle (and its two ends were thus in contact), and was put on
a table made of a heat-insulating material.

(2) i z measures the distance to the (initially) iced end of the string and
t measures time, write the boundary conditions for the heat equation
t; = u-. which describe the above situation.

(b) Solve the equations you just got.

(c) At time ¢ = 20, the string will have an almost constant temperature.
What will this temperature be? Estimate the difference between the
actual temperature of the string at time ¢ = 20 and the constant you

just found.
(3) A smooth vector field V on the three dimensional Euclidean space R? is given
b,
” Vel bl ol
=%z "oy Tz

where a, b, and ¢ are smooth functions on R®. Determine (in terms of a, b,
¢, and their derivatives) when is the distribution P of planes orthogonal to V
integrable.

cont...

l.r\
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(4) Recall that two matrices A and B with entries in some field F are called
similar over F if there exists invertible matrices M and N with entries in F
for which B = M AN. Prove that two rational matrices which are similar over -
the complex numbers are similar over the rationals.

(5) Let F(X,Y,Z) be a homogeneous cubic polynomial, and let C be the cu-
bic curve (F = 0) in the projective plane; assume that C is smooth. Let
H(X,Y,Z) be the Hessian of F, that is, the determinant of the 3 x 3 matrix
of second partial derivatives of F. Show that a point P on C is a zero of H if
and only if there is a line in the plane meeting C only at P.

(6) Find a conformal bijection between the semi-infinite strip

D = {z € C:Re(z) > 0,|Im(z)| < x/2}
outlined below and the unit disk in the complex plane.

GOOD LUCK!
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Fall 1993 Qualifying Examination — Day 3
Department of Mathematics
Harvard University

(1) (a) Compute the homology of the complement of an embedded circle in R3.
(b) Do the same for a pair of disjoint embedded circles. Exhibit generators.
(c) Compute the homology of the complement of an embedded circle in R*,
and show that the fundamental group of this complement is trivial.
(2) If {fa:[0,1] = R} is a sequence of continuous functions,

f(z) 2 fa(z) 2 fa(z) 2 ... 20

for all z € [0,1], and fa(z) tends to O pointwise, is the convergence necessarily
uniform? (Prove or give a counterexample). '

(3)  (a) Define the degree of a smooth map ¢ : M — N, where both M and N

are both compact orientable k-dimensional manifolds.
(b) Compute the degree of the self-map g +— g7 defined on the group SU(2).
¢ here is an arbitrary integer.
(4) Let k be the field Q[z]/z® — z? — 4z — 1, whose discriminant d; is equal to
169. -
(2) Show that the extension k/Q is normal, is totally real, and has Galois
group Z/3Z.
(b) Show that any two different roots of z° —z? —4z — 1 generate a subgroup
of finite index of the group of units of k.
(5) Define 2 hyperelliptic curve of genus g > 1. Prove that every curve of genus 2
is hyperelliptic, but not all curves of genus 3 are.
(6) The nth Catalan number C, is the number of possible products of n generators
in a free non-associative algebra. For example, C; =1, C; =1, C3 = 2, and
C4 = 5, with the last equality because the possible products of a,b,c,d are
{a(b(cd)), a((bc)d), (a(be))d, ((ad)c)d, (ab)(cd)}-

(a) Prove that for n > 1,
Cﬂ ] Clcn-l + CzCn-z b R o Cn—lcl-

(b) Deduce that
= n 1=—+1—4z
2 G = ——
n=1

(c) What is the number ¢ for which the growth rate of c® as n — oo is the
closest to that of C,?

GOOD LUCK!
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
March 2, 1993 (Day 1)

NOTE: For any multi-part problem, you may receive partial credit for doing any part,

assuming the statement of a preceding part.

1. How many groups of order 21 are there up to isomorphism?

Describe them all.

2. a. State the Poincaré Duality and Kunneth theorems.
b. Find an example of a compact 4-manifold M such that

3. a. Prove Rouché’s theorem. Let f(z) and g(z) be functions analytic inside and
on a simple closed curve C C C. Suppose that |g(z)| < |f(z)| everywhere on C.

Show that f(z) and f(z) + g(=) have the same number of zeroes inside C.
b. Prove that all roots of the polynomial f(z) = =7 — 523 + 12 lie in the annulus

1< z| =2

4. Let f(z,y) be a polynomial of degree 3 with coefficients in Q, and suppose there
exists a solution f(a,b) = 0 with a,b € Q. Show that there exist infinitely many
solutions f(z,y) = 0 such that z and y are contained in a quadratic extension of Q

(the quadratic extension may depend on (z,y)).



3/2/93 Day 1

5. Let E be a Banach space over C, E* the space of bounded linear maps £ — C. Recall
that a sequence {u;} in E is said to converge weakly to u if for each A € E* we have
JLim (A(u;)) = Alw).

Show that weakly convergent sequences are bounded. (Hint: use the fact that E* is

also a Banach space.)

6. Let a : I — R® be any regular arc, t(u),n(u), and b(u) its unit tangent, normal and
binormal vectors at a(u). Consider the normal tube of radius € around a, that is, the

parametrized surface given by
o(u,v) = a(u) + ecos(v) - n(u) + esin(v) - b(u).

a. For what values of ¢ is this an immersion?
b, Assuming o itself has finite length, find the surface area of the normal tube of

radius € around a.

The answers to both questions should be expressed in terms of the curvature ~(u) and

torsion 7(u) of a.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
March 3, 1993 (Day 2)

1. Let X be the topological space obtained by identifying all three sides of a triangle as

shown in the diagram

Compute the homology groups of X with coefficients in Z, and with coefficients in Z /3Z.
Is X a manifold?

2. Let K be the splitting field of the polynomial z* — 2 over Q, and let G be the Galois
group of K over Q.
a. Show that G is a dihedral group.
b. Describe all subfields of K" containing Q.

3. Let X be a Riemann surface, CP! the Riemann sphere, and suppose that f : CP! — X
is a nonconstant holomorphic map.

Show that X = CP!.



3/3/93 Day 2

4. Let M C R?® be a surface (i.e., submanifold of dimension 2) in R?, with the induced

Riemannian metric, and let 4 : (0,1) — M be a differentiable arc parametrized by
arc length. Show that 7 is a geodesic if and only if the acceleration vector v"(t) is
perpendicular to the tangent space to M at «(t) for all t.

. For a complex number s with Re(s) > 1, define

1 1 1
C(s)=1+-2-;+3—,'+'4—,+---.

Prove that |{(2 + it)| > '6‘/7rffor all real t.

. Let O, be the group of n X n orthogonal matrices. A Haar measure on O, is a

positive measure A that is left invariant (A(T'A) = A(A) for each ' € O, and Borel
measurable A C O,) and normalized so that A(O,) = 1. Prove that

/ Ty, A(dT) =0

and

/ (Ty.1)2A(dT) = 1/n

n

where T; ; is the (i,7)'! entry of T.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
March 4, 1993 (Day 3)

1. Find the Fourier transform f(t) of the function

1
14+2z2°

f(z) =

2. If y = f(z) is a differentiable function, Newton’s method for finding roots f(a) =0
consists in taking an initial guess zo and finding the sequence {z,} defined by

Tn+1 = Tn = f(za)/f'(zn).

The hope is that this sequence has a limit which is a root.
If f(z) = 22 — 1 and 7o > 0 show that the method works and analyze the rate of

convergence of {z,}.

3. Let V be a 2-dimensional vector space over C, G = SL(V) = SL;(C) be the group of
automorphisms of V' of determinant 1. Consider the action of G on the space W, of
homogeneous polynomials of degree n on V.

a. Show that W, is an irreducible representation of SL(V').
b. Show that every polynomial of degree n in two variables can be expressed as a

sum of n*® powers of linear functions.

4. Annxnreal matrix M = (m, ;) is called doubly stochastic if it satisfies the conditions

n n
m;;>0 and ) mij=) m;;=1 foralli,j.
=1 1=1
Let DS be the set of all doubly stochastic n x n matrices.
a. Show that DS is a convex subset of R™".

b. Show that the extreme points of DS are the permutation matrices.



3/4/93 Day 3

c. The permanent per(M) of a matrix M is defined just like the determinant, only
with all minus signs changed to pluses. Show that the permanent of a doubly

stochastic matrix is always strictly positive.

5. a. Let C C P" be an irreducible algebraic curve of degree n not contained in a

hyperplane. Show that C = P2,

b. Now suppose that C C P™" is an irreducible algebraic curve of degree n + 1, again

not contained in a hyperplane. What can you say about the genus of C?

6. A k-braid B is a subset of C x I that looks something like:

P1 P2 P3

So at any “time slice” parametrized by a “time” t € I the braid looks like a configu-
ration of k different points in C. As time progresses, this configuration smoothly changes
from some initial configuration (p;,...,pk) to some final configuration (px1,..-, Pxk ), Ob-
tained from the initial configuration via some permutation 7 of 1,...,k. In our example,

7 is the transposition that exchanges 1 and 3.

2
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Let Co be the complement of the endpoints of the braid in C x {0}, let C, be the
complement of the endpoints of the braid in C x {1}, and let B¢ be the complement of the
braid B in C x I.

(1) Show that the inclusions Cp <« B¢ and C; — B¢ induce isomorphisms of funda-

mental groups.

(2) Notice that m;(Cp) = m1(C;) = Fi is the free group on k generators gi,..., g,

where the generators can be taken to be as the figure below, assuming the points

P1,--.,Pk are just the integers 1,...,k, and the basepoint is 2:

i

g1 g2 k-1 gk

Let £ be the composition 7;(Cq) — m1(B¢) — m,(C)), regarded as an automorphism
of Fix. Prove that £g maps g; to a conjugate of gx; for every 1 < 7 < k, and maps the
product g192 - - - gk to itself.

(3) Compute £p(g2) in the case of the braid displayed above.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics :
October 6, 1992 (Day 1) ‘[- 2-95

1. Find a conformal map (that is, 2 bijective holomorphic map) from the slit unit disc
Q={z:0<|z| <1, 0<arg(z) < 27}

to the unit disc A = {z: |z| < 1}. : :

2. Let X C R? be a differentiable surface.
a. Define the Gaussian curvature of X at a point p.

b. Calculate the Gaussian curvature of the hyperboloid

X ={(z.y,2): =2 +y* -1}



3. Let X be a compact orientable surface of genus g.
a. How many connected covering spaces of degree 2 does X have?
b. Show that these coverings are all homeomorphic to one another as topological

.spaces.

4. Find the solution of the differential equation -

d ;
-d—z-2a:y=z

satisfying y(0) = 1.

5. Let G be a finite group of affine transformations of R", that is, maps of the form
v+— Av+bwith A € GL,(R) and b € R™. Show that there is a point of R fixed by

every element of G.

6. Let A,B,C and D be any 3 x 3 symmetric matrices of complex numbers. Show

that there exist complex numbers a,f,7 and §, not-2ll zero, such that the linear

combination
M=aA+pB+~C+6D

has rank 1 or less.

19
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
October 7, 1992 (Day 2)

a. Let ' C R® be the union of the circle 22 +y? =1 =z = 0 and the line z = y = 0.
Find the homology and homotopy groups of the complement R® — T

b. Similarly, let  C R® be the union of the sphere 22 +y? +2z* =1 =u =v=0and
the plane z = y = z = 0. Find the homology groups of the complement R -Q.

Let G and H be connected topological groups and ¢ : G — H a continuous homo-
morphism. If ¢ is a covering space map, show that the kernel of ¢ is contained in the

center of G.

Let k be any field, L = k(t) a purely transcendental extension and K the subfield
K = k(t*) C L. Analyze the extension K C L from the point of view of Galois

theory. In particular, under what conditions is this 2 Galois extension?

. Let f(z,y) € Rlz,y] be a polynomial with real coefficients, and suppose that

2

f(t.e™")=0 VteR.

Prove that f(z,y) = 0.

7
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5. a. Find the Taylor series expansion of the function

z
22 -z 41

9(z) =5

around the origin z = 0.

b. Find the Laurent series expansion of the function

&=

1)(z 2)
valid in the annulus {z:1<|z| <2}.

6. Let H be a Hilbert space and K : H — H a compact operator. Set T = I + K, where
I denotes the identity. ’
(i) Show that dim ker T < ox; (
(ii) Show that there exists a constant C such that for all f € (ker Y4 A £ CINT£l;
(iii) Use (ii) to show that the range of T is closed:
(iv) Show that either the equation Tf = g has 2 unique solution f for every g € 8

or it has no solutions for some g and infinitely many for others.

(]
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October 8, 1992 (Day 3)

. Let p be a real number, 0 < p < 1. Evaluate the integral

« zP-1ldz
-/o 1+z

. Let X be a compact orientable surface of genus 2, and let ¢ : X — X be a fixed-
point-free homeomorphism of finite order.
a. Show that ¢ is of order 2 and orientation-reversing.

b. Show that such homeomorphisms of surfaces of genus 2 do exist.

. Let X C P" be a k-dimensional projective variety. Denote by P™* the dual projective
space of hyperplanes H = P"~! C P", and consider the universal hyperplane section

I'x ={(pH):pe H} C X x PN,

a. Show that I'x is a closed subvariety of the product X x P™*.
b. Find the dimension of T'x. |

c. Show that I'x is irreducible if and only if X is.
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4. Let S be the symmetric group on 4 letters.

a. Show that Sy is the group of symmetries of an oriented cube — that is, the group -

of orientation preserving euclidean motions of R? carrying a cube  C R? into
itself.

b. Describe the irreducible representations of S4 and their characters.

c. How does the permutation representation of S; on the vertices of the cube Q2

decompose into a direct sum of irreducible representations?

5. a. Show that the sum ) 1/p, where p ranges over all primes, does not converge.
B
b. Show that the sum ) (——;— , where p ranges over all odd primes, does converge.

6. Let S, be the symmetric group on n letters. Let f : S, — Z be the map whose value
on any permutation ¢ € Sy is 1 if o has a fixed point and 0 otherwise and g : Sp — Z
the map whose value on any ¢ is the number of fixed points of 0. Let a, and b, be the
averages of the functions f and g, that is, the probability that a random permutation
has a fixed point and the expected number of fixed points it has. Find the limit as n

approaches co of a, and bn.

(8]

¢
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
October 8, 1991 (Day 1)

1. Think of S? x S! as R?/Z2.
a) What is m,(S? x §)?
b) Define X to be the space obtained by taking
[0,1] x (8! x S?) and identifying
(0, (y1,¥2)) with (1,(=y2,31))-
a) Compute H;(X).
b) Compute 7;(X).

¢) Is X homeomorphic to RP? x §'? Justify vour answer.

2. Fermat proved that if p is prime, then a? = a (mod p) for all a.

Generalize this to prove the following:

Foq1-9—

Let fn(a) = Zp(d)a"/" with p(d) defined as zero if d is not square free and u(d) = 1

d|n

or —1 as d has an even or odd number of prime divisors otherwise. Thus,

fe(a) = a® — a® — a® +a.

Prove that for all positive integers n and all integers a,

fa(a) =0 (mod n).

3. Lete: (0,1) — R? be an arc parametrized by arc length, i.e., such that the derivative

e'(t) has norm 1 for all t. We call v(t) = €'(t) the unit tangent vector to the arc e at

time t, and define both the unit vector n(t), called the unit normal vector, and the

scalar k(t) > 0, called the curvature. by the equation

(1) = w(t) - n(t).

a) Assume (t) > 0 and show that n(t) is orthogonal to v(t) for all ¢, and that the

derivative of n is given by

n'(t) = —x(t) - v(t).
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b. Again assuming k(t) > 0, we define the osculating circle to the arc e at time ¢
to be the circle of radius 1/x(t) with center e(t) + n()/x(t) - that is, a circle of *-
radius 1/x(t) tangent to the arc at e(t). Show that if the curvature function k(1)

is monotone, then the osculating circles to the arc are nested.

4. Let f,g: C — C be analytic on a simply connected region containing a simple closed

curve . Suppose that v misses all the zeros of f and g, and that on v

|f(z) = g(2)] < |f(2)]-

Show that f and ¢ have the same number of zeros, counting multiplicity, inside 7, i.e.,

prove Rouche’s theorem.

5. Let (X,d) be a compact metric space and suppose f is a map X — X such that for
every = # y,
d(f(z), f(y)) < d(z,y).

Show that there exists a unique 2 € X satisfying f(zo) = zo.

6.a) Let V = Hom(C™,C") be the vector space of m x n matrices. and let A C V be any
linear subspace such that for all 4 € A. the rank of A is at most 1. Show t_'.ha.t either
1) there exists a hyperplane I’ = C™~! ¢ C™ such that U C ker(A) for all A € A;
or
i1) there exists a line W = C C C” such that Im(A) C W for all A € A.
b) Lets:PZ™' x P¢™! — PZ""! be the Segre map given by

s:([Z2hy  Zm) Wy (W) — [+, ZiHT, -]

Show that the image of s is an algebraic subvariety X of PZ"™!, and describe all

linear subspaces of PZ"~! lying on X.

12



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
October 9, 1991 (Day 2)

1. a) State the Meyer-Vietoris, Excision and Kunneth properties of the singular homology
theory.
b) Consider the trefoil knot

(0O

KinRRUxo=5°

Compute H.(S® — ') and H.(S%, 5% - I).

2. Let M = (m;;) be a symmetric n x n matrix over the field F; of 2 elements. Show

that the vector (mj;,m22, - -,Mnn) is in the span of the rows of M.

3. Define CP! in the usual way as the quotient of C? \ {0} by the action of the multi-
plicative group, C*, of nonzero, complex numbers. That is, A € C* acts on C?\ {0}
as the transformation

(21922) — (AZ], Az2)

Let 7 : C?\ {0} — CP! be the projection map.
a) Write down a non-trivial vector field in ker =,.

b) Show that

I { d.’.‘] A d.’_.!] -+ d.’g A dfg _ (.;] d.‘-.'1 + fgdlg) A (Z]d;.] + ngfg)}
B (l21? + |221?) (l21]? + 1221?)?

is the pull back by 7 of a real valued 2-form on CP!.

29
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4. Let g € Cobey 0 < |g| < 1. For A € C, consider

142 & (144 (1+q™2~1)
v =13 U 0= H(1- nA-1)

a) Exhibit a Laurent expansion for ¢(A) which converges for |g| < [A] < 1.

b) Exhibit one which converges for 1 < |A| < |¢|™.

c) Show that () defines a meromorphic function on C\ {0} with poles at {¢"}nez.
d) Prove ¢o(gA) = —¢(A).

5. Let {z.} be a bounded sequence in a separable Hilbert space. Show that {z,} has a
subsequence which converges weakly.
6. Consider the hypersurface
"+y"+:"=0 in CP?

a.) Prove that it defines a nonsingular curve and compute its genus, g.

b.) Construct g linearly independent holomorphic differentials on the curve.

(]
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
October 10, 1991 (Day 3)

1. a) Define the degree of a map of one compact oriented manifold into another one. Can

you map S? to the surface

t1

of genus two with degree 2?

Can you map L to 5? with degree 27 Explain your answer.

b) Consider the map £ — S? given by assigning to p € T the unit normal X, to T at

p and translating to the origin. What is its degree? Explain your answer.

2. Show that the polynomial f(z) = z* — 5 is irreducible over Q.
a) Calculate the degree of the splitting field A of f over Q, and the Galois group,
G, of K/Q.
b) Give an explicit representation of G as a subgroup of Sy, the symmetric group
on 4 letters.

c) How many fields of degree 4 over Q are contained in K'?

3. A surface S C R? is called ruled if through every point of S there passes a straight
line contained in S. Show that a ruled surface has Gaussian curvature less than or

equal to zero everywhere.

26
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4. Prove:

. _(1-a)-m
,l (22 + 1)2d: - 4cos(ar/2)’

Here, -1 <a < 3.

5. Let f be a smooth, complex value function on R which is such that

Jim PO +17 (1)) — 0.

o

Also, let f(p) = /

-G

Prove the inequality

([ ([ o)1 [~ over

6. a) Let V be the vector space of polynomials of degree at most n in one variable z over

a field k of characteristic 0, and let a;,---,an4+; be any n + 1 distinct elements of k.

Show that any polynomial f(z) € V" can be written in the form
f(z) =ci(z—a )n + ca(z — 02]“ + .- +C“+1(Z - a,...H)"

for some choice of ¢; € k. Show that this is false if we do not assume char(k) = 0.

b) Assuming once more that char(k) = 0, what is the smallest integer £ such that any

polynomial f(z) € V can be written in the form

fz)=calz—a1)" +c(z=—a2)" + -+ ce(z —ar)"”

for some choice of ¢; and a;?

(S ]

dre'?* f(x) be f's Fourier transform (so f = / s2e~ P2 f(p)).

27
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
October 1, 1990 (Day 1)

Let a;j(t), 1 <1,7 < n be n? smooth functions of a variable ¢, and let r(t) and D(t)
be the rank and determinant of the matrix (a; j(¢)). Show that the derivative

D'(0)=0
whenever r(0) < n — 2, and more generally that the k*® derivative
D®(0)=0

whenever r(0) < n — k.

-

Let f(t) be a polynomial of degree n with rational coefficients, a;, .. . , an — its complex
roots. Suppose we know tha.t a3 = a; + az and that there are no other relations of
this type (i.e., if ax = a; + a;, then k = 3 and (i,5) = (1,2) or (2,1)).

a) Show that a3 € Q.

b) Show that a;,a; lie in a quadratic extension of Q.

Let D={z€C:|z|] <1}.
Let f be a holomorphic function on D.
a) Prove: 0 cannot be an isolated zero of Re(f).
b) Let g be a complex valued, smooth function which is non-vanishing on D. Let u

be a smooth real valued function on D such that f = g - u is holomorphic.

Prove: f is non-vanishing on D.
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4. Let P? be the projective plane over the complex numbers, with homogeneous coordi-

nates X,Y, Z; and let V' be the vector space of homogeneous polynomials F(X,Y, Z)
of degree 2. Let p,,---,ps be points in P? with no three collinear, and let W, C V
be the subspace of polynomials vanishing at the points p;,-- -, pr. Show that W} has
dimension 6 — k, (k < 5).

What can the dimension of W be if a sixth point, ps, is added? (Still, no three

are collinear.)

. Let S? have its standard, round metric.

Let £5? denote the space of smooth maps from 5! into S? which send the north
pole of S? to the north pole of §2. Give Qy5? the C*™-topology. Define a map
h:Q,5% — S'(= 50(2)) by assigning to a curve the holonomy of the Levi-Civita
connection.

Prove that h is not homotopic to the constant map.

. Let G be a finite group. A G-torser on a topological space X isa covering 7 : Y — X

together with a continuous action of G on Y, such that G acts simply transitively on
every fiber of 7. We want to describe G-torsers on X up to isomorphism.

(a) Do it when X = D™, the unit ball in R™.

(b) Do it when X = S,

(c) What is the general description if X is a finite CW-complex. Show that up to

isomorphism there are only a finite number of G-torsers on X.
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics

October 2, 1990 (Day 2)

1. Let G be a finite group, and let C be the center of G.
2) Show that the index, (G : C), is not a prime number.
b) Give an example where (G : C) = 4.

2. Let f be a continuous complex valued function on R/Z with Fourier expansion f(r) =

Za“ chrin:.
ngz
a) Give an integral formula for the Fourier coefficients a.,.
b) If f has p continuous derivatives, show that |a,| <

T%, where Cy is a constant
depending on f.

3. Let V = C" be an n-dimensional complex vector space, and let W = Sym?V* be
the vector space of symmetric bilinear forms on V. Let G = GL,(C). The action
of G on V induces an action of G on W and henice on the Grassmannian G(2, W) of
two-dimensional spaces of quadratic forms. Show that the action of G on G(2, W) has

an open dense orbit in case n = 3, but not if n = 4.



Day 2, 10/2/90

4. Let Q C C be the quarter-disc {z|]Im z > 0, Re z > 0, |z| < 1} and a the function
a(z) =il for z€ C,z # —1.
a) Show that a(z) € Q if and only if z € Q.
b) Let f be the conformal map from the unit disc {z € C : |z| < 1} onto Q taking

1,e2™/2 and e*"'/3 t0 0, 1,1, respectively. Find £(0).

5. Consider a curve C C R?® such that for any two points a,b € C, there exists an
isometry of R® taking a to b and preserving C. Prove that in some coordinates, C can

be parametrized as t — (at, B cos(7t), Bsin(t)) for constants (a, 8, 7).

6. Consider the 2 torus T? = R?/22.
a) Prove that it can be covered by three contractible, open sets.
b) Prove that it cannot be covered with two contractible, open sets.
c) What is the minimal number of contractible, open sets for a surface of genus g?
d) Prove that T° = S§? x §! x §* = R®/Z® is not covered by three contractible. open

sets.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
October 3, 1990 (Day 3)

1. Let cp = ) . 2n)! : ¢n is called the n*® Catalan number.
nl(n )1

a. Show that ¢, is an integer.

b. Let f(z) = J_ cnt™ be the generating function associated to the sequence ¢, ¢y, - -

Show that
' 1 —4t
2t '

flt) ==

c. Using part b), show that the Catalan numbers satisfy the recursion relation

2. Let f be a 2-times continuously differentiable function on [0, 1].

Set

e 31 (D).

1

a) Prove o, = v+ -‘;—1 - o(%) where v = / f(t)dt.
0

b) Compute a; in terms of [ A

c)Provea,,-~,(+n+ +°(n2)

d) Compute a; in terms of f.



!l

b

Day 3, 10/3/90

3. Let P® parametrize the projective space of symmetric 3 x 3 matrices modulo scalars.
Let X C P® be the hypersurface consisting of matrices of rank at most 2.
a) Show that the singular locus Y = Sing(X') consists of the matrices of rank 1.
b) Show that ¥ is smooth, isomorphic to P?, and of degree 4 (i.e., “most” planes in
P?3 of codimension 2 intersect Y in exactly 4 points). |
¢c) fa,b €Y and a # b, let ab C P® be the P! spanned by a and b. Let

Z = U {ab}. Compute the dimension and the degree of Z.

a,beY
a#b

4. Evaluate the definite improper integral
* cosaz
./o coshbz e

where b > 0 and a is an arbitrary real number.

[cosht = cosit = Z(e' + e™") is the hyperbolic cosine of t.]

5. Let X be a 2 x 2, nonzero, real matrix with zero trace.
a) Give a quadratic condition on X for e!X to be a non-compact, 1-parameter sub-
group of SL(2,R).
b) Describe all the possible conjugacy classes of 1-parameter subgroups in SL(2,R).
c) Prove that the matrix
(‘02 _fﬂ) € SL(2,R)
is on no 1-parameter subgroup of SL(2,R).
d) Can you construct a point with this property on SO(3)? Explain.

please.go to page 3

(3%
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6.2) Draw the universal cover X of the space
X=5uC
where C is the chord joining the North to the South Pole. Thus

b) What is the relation of 73(X) and ,(X)?

¢) Compute 75(X).
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QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
February 6, 1990 (Day 1)

1. Let f and g be entire holomorphic functions satisfying the identity
f(z)> =g(2)° -1

for all z € C. Show that f and g are constant. Would the same conclusion be valid if f

and g were assumed to be entire meromorphic functions?

Hint: Think about the algebraic curve y? = z® — 1.

2. a) State the fundamental classification theorem about finitely generated Z-modules.
b) Let ¢ : Z* — Z* be defined by the matrix

-12 6 0
58 34 18 |.
18 12 6

Decompose ker(y) and coker(y) into direct sums of cyclic groups.

d?
3. a) Compute the spectrum of - with Dirichlet boundary conditions on [0, ].

b) Construct the Dirichlet inverse, G, of % on [0, 7].

c) Let L? denote the completion of the space of C* functions on [0, 7] using the norm

1£ll2 = /0 s f(s)P.

Prove that G extends to L? as a compact operator from L? to itself.

d) Let V be a smooth function on [0, 7] with |[V| < 1. Prove that
d?
p7H] + V(1)

has a Dirichlet inverse on [0, 7] which extends to L? as a bounded operator.

1
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4. Let C C CPY be a nonsingular complex curve of some genus, g.
Let py,--+,px be distinct points on C, and let n;,---,ni be positive integers.
1) Estimate an upper bound on the dimension of the vector space of meromorphic func-
tions on C which have poles of order < n; at p; and are regular elsewhere.
2) Do the same for the vector space of meromorphic differentials on C' which have poles

of order < n; at p; and are regular elsewhere.

5. Let X be the figure eight:

a). How many connected, 3-sheeted covering spaces of X are there, up to isomorphism
over X? Draw them.

b). How many of these are normal (i.e., Galois) covering spaces?

6. Produce a curve in R® with given constant curvature, x # 0, and torsion, 7 # 0.



QUALIFYING EXAMINATION
Harvard University
Department of Mathematics
February 7, 1990 (Day 2)

1. Let f be a holomorphic function on a domain containing the closed disc {z : |z| < 3},
such that

f(1) = f(@) = f(-1) = f(-i) = 0.

Show that
' 1

£ < g5 max 1£(a)l

2. Let R be a commutative ring.
Suppose a and b are elements of R such that the ideal Ra + Rb is principal. Prove
that the ideal Ra N Rb is principal.

3. A lighthouse situated at the origin casts a very narrow beam of light that rotates there
one full turn every second. How fast is the image of the light beam moving along the
ellipse given by the equation

22 4+3y2 =6

at the time when the beam makes an angle of 45° with the positive z-axis? Here, (z,y)

have units of meters, and 6 is 6 (meters)®. Your answer should be in meters/second.
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4. Let V = C™" be the vector space of complex m xn matrices, PV = P™"~! the associated
projective space, and let My C PV be the subset of matrices of rank k or less.

a). Show that Mj is an algebraic subvariety of PV.

b). Find the dimension of Mj.

c). Show that Mj is irreducible.

5. Let S? be the 2-sphere, T = S x S? the torus, and Z the compact orientable surface of
genus 2.
a). Does there exist a continuous map f : § — T not homotopic to a constant?
b). Does there exist a continuous map f : S? — Z not homotopic to a constant?

c). Does there exist a continuous map f : T — Z not homotopic to a constant?

Justify your answers.

6. k is a real number.

Consider the 3-vector fields
o) o)
S 2 —_— _—
)L_(z-i-kx)BI (a:+ky)ay

=9 2190
Y= —(z+1:)az

Yoy

0 0
Z=y—a-;—(z+ky)-(§.

a) Prove: On the complement of 0 € R, {X,Y, Z} span a subbundle, E C T(R® \ {0}).
b) For what value of k is E an integrable subbundle?
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Harvard University
Department of Mathematics
February 8, 1990 (Day 3)

1. Compute:
/ * (log z)%dz
o (1+2%) "

2. Let G be a finite group, all of whose Sylow subgroups are normal. Prove: G is the
product of its Sylow subgroups.

3. Let L? denote the completion of the space of smooth functions of compact support on
[0,00), C§°, using the norm

112 = ] T 1f@)P.

Let L} denote the completion of the same space, C¢°, using the norm

7l = QA5 + 1S 132

a) Prove that % : Cg° — Cg° extends to define a bounded operator from L? to L2.

b) Prove dim(coker & : L? — L?) = oo.
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4. Consider the polynomial

fZ)=z"+apn-1z"" 1 +- -+ a1z + a.

Let A be the discriminant of f, that is,

A = T](mi — us)?
i<j
where py,---, un are the roots of f. A may be viewed as a function of the coefficients
o, 5% 5 Bneil s
a). Show that A is a polynomial in ag,*-*,@p—1.
b). Find the degree of A as a polynomial in the a;.

5. Suppose X is a smooth manifold with an open cover by N < oo sets {B,}X_,, where

each B, is contractible. Assume that 7o(B, N Bp) < k for all n and m. Give an upper
bound to the first Betti number of X.

6. Let £ — R® be an embedded, closed surface of genus 3.
Define the Gauss map, ¢ : & — 5? by associating to each point z € T, the outward
pointing, unit normal vector.

Let w denote the volume form (total volume = 47) on S2.

Compute f P w.
z



